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. ABSTRACT 
* 
The e f f e c t s  of a sphere and then a cy l inde r  s ink ing  beneath the  su r face  
of  a f l u i d  of uniform v i s c o s i t y  were examined. The s t a t e  of the  f l u i d  a t  
the  su r face  i s  descr ibed by the "horizontal  features" ,  t h e  ho r i zon ta l  v e l o c i t y  
and the  shear  s t ress  (v  
v e l o c i t y  and the  normal stress ( v  
sur face ,  the depression h of the  sur face  above the  s inke r  is  r e l a t e d  t o  the 
v e r t i c a l  force through the formula Fz = y j h .  I t  i s  found t h a t  F i s  independent 
of t he  v i s c o s i t y  o f  the  f l u i d  and a l s o  of  the  boundary condi t ions  of the  top 
and Fx,), and the  " v e r t i c a l  features" ,  the  v e r t i c a l  
X 
and Fz).  I f  the top su r face  i s  a f r e e  
Z 
z 
su r face  - -  a f r e e  su r face  o r  r i g i d  p l a t e  give the  same F . A two-layer model 
i n  which a f l u i d  of one v i s c o s i t y  lay over a f l u i d  of another  v i s c o s i t y  was 
z 
examined and i t  was found t h a t  F was r e l a t i v e l y  independent of the  th ickness  
o f  t he  top layer  o r  the r a t i o  of  the two v i s c o s i t i e s  - -  espec ia l ly  i f  t he  
z 
top layer  had t h e  g r e a t e r  v i s c o s i t y .  
The v iscous  model was then used t o  i n t e r p r e t  oceanic t renches and mid- 
ocean r idges .  Whereas the hor izonta l  f ea tu re s  a r e  very dependent upon the  
assumed v i s c o s i t y  pa t t e rn ,  t he  v e r t i c a l  load F i s  not  and w e  may f ind  t h e  
approximate mass of t he  s inker  and i t s  depth beneath the  sur face  independent 
Z 
of t he  v i s c o s i t y  p a t t e r n  of the  ea r th .  The v e r t i c a l  su r f ace  load F was 
r e l a t e d  t o  the  th ickness  of the  c r u s t a l  l a y e r s .  The v a r i a t i o n s  i n  the  
z 
c r u s t a l  thickness  g ive  r i s e  t o  grav i ty  v a r i a t i o n s  and these  p lus  the  a t t r a c t i o n  
of t h e  deep s inker  were in te rpre ted  a s  the  ne t  f r e e  a i r  anomaly. The c r u s t a l  
th ickness  ("c F,)and the  f r e e  a i r  anomaly computed f o r  s i n k e r s  of d i f f e r e n t  
s i z e s  and depths  were then compared t o  the measured f r e e  a i r  anomalies and 
seismic depths  of  the  Puer to  R i c o  Trench and Mid-Atlantic Ridge. I n  both of 
t hese  cases  the d r i v i n g  mass had an optimum depth of about 10 
c 
. 
I n  Puer to  Rico the d r iv ing  mass was very  concentrated a t  t h i s  depth:  i t  was 
5% t o  10% more dense than the  average dens i ty  a t  t h i s  depth.  I n  the  Mid- 
A t l a n t i c  the  mass was more d i f f u s e :  i t  was spread out  over a ho r i zon ta l  
d i s t ance  of  s eve ra l  hundred ki lometers  and was about 1% less dense than 
the  average.  
. 
A VISCOUS MODEL O F  THE EARTH 
COMPARED TO GRAVITY ANOMALIES AND S E I S M I C  REFRACTION P R O F I L E S  
O F  OCEANIC TRENCHES AND R I D G E S .  
1. Introduction 
Runcorn (1964) has recently compared the shape of the 
geoid as determined both from satellite observations and 
surface measurements of the strength of gravity with the 
topographic pattern of the mid-ocean rises. He has found a 
correlation between lows in the geoid and the pattern of the 
mid-ocean rises and he interprets both of these features as 
manifestations of convection currents rising beneath the mid- 
ocean rises. The order of magnitude of this efi'ect I s  correct; 
by assuming a uniformly viscous earth with viscosity q=1022 
poise, he shows +,hat geoid demrtures of 60 meters and convec- 
tion velocities of 1 cn/yesr are cmpatable. 
ered the global pattern of gravity highs and lows and ths 
global pattern of convection; in this paper the gravity field 
surrounding a locslizzd convection pattern will be examined. 
Runcorn consid- 
The Fennoscandia uplift (and sinilar uplifts in North 
America) is generally assumed to be a readdustment of the earth 
in response to a glacial load which has recently melted. It 
has been assumed that the response of the crust has been governed 
by the laws of viscous flow and thus a measurenent of the earth's 
viscosity has been made: the value = to poises is 
generally quoted. The following authors 'nave considered the 
-2- 
. 
Fennoscandia uplift: Haskell (1935) , Vening-Meinez (1937) , 
Niskanen (19391, and Gutenberg (1941). Haskell foundq= 1 x 
poise, but Vening-Meinez shows an error in Haskell's assumptions 
and gets$= 3 x poise. Niskanen and Gutenberg both arrive 
at 3 x poise for Fennoscandia. 
The following assumptions about the nechanics of the flow 
are common to all of these analyses. 
The crust which floats on top of the "fluid" mantle 
offers negligible resistance and passively follows 
the surface motions of the underlying "fluid". 
Although elastic forces may have at one time been 
important, only flow processes are im2ortant n3w. 
The flow is purely Newtonian viscous flow; i.e. the 
flow rate is strictly proportional to the shear stress. 
The viscosity I s  constant at all depths. 
The material is inci3mpressible. 
The inertial terms in the equations of motion may 
be neglected compared to the term q&. 
The curvature of the earth may be neglected and a 
semi-infinite plane model used. 
These assumptions are specifically listed since the same as- 
sumptions will be used in the development of this paper. 
last three assumptions are readily justified, but the first 
four require discussion. 
The 
-3-  
. 
The assunption of constancy of the viscosity is not very 
good; a pattern of viscosity versus depth such as that described 
by Cook (1963) would be closer to reality. 
by Cook the viscosity has a minimum value orders of magnitude 
below its average value at a depth near 150 km. The evidence 
in favor of such A "soft layer" was recently presented by 
Elsasser (1964). The assumption of constant viscosity results 
in large motions at great depths; in the uplift models described 
above the vertical velocity at a depth of 1000 km (the diameter 
of the depressed area) is roughly one-half of its surface value. 
Vening-Meinez (1937) has investigated a model in which the 
viscasity decreased exponentiaily with depth, He found (for 
Fennoscandia) )t= 3 x loz3 p o i s e  at the surface which decreased 
toQ= 3 x at the core-mantle boundary. Takeuchi and 
Hasegawa (1964) have considered a node1 in which a thin layer 
of lower viscosity rests upon a fluid of much larger viscosity. 
They found that if the top layer were 200 km thick with a vis- 
cosity o f t =  1 x poise, it would best fit the Fennoscmdia 
data, the data for Lake aonneville, and the apparent lag in the 
response of the earth's oblateness to the present length of day. 
A model similar to Takeuchi a-nd Hasegawa's is reported in 
McConnel (1963). This assumption of constant viscosity places 
a serious limitation on the applicability of the results to be 
presented here but for mathematical convenience this assumption 
In the model described 
will be made. 
-4 -  . 
. 
A plastic model in which the stress and strain rate are not 
strictly proportional would be preferable to the viscous model 
(Orowan, 1964). One notstble difference between plastic and 
viscous behavior is the finite strength of the plastic medium 
below which no flow will take place. This finite strength for 
the upper mantle is commonly assumed to be of the order of 13 
bars. We shall examine the specific model presented here to 
see if this 10 Ssr rllinirnum strength imposes a serious lirnitetion 
to this model. ‘Ye shall find that this is not too serious over 
a considerable volume. ’“{e shall assume that continental drift 
with horizontel velocities of 1 cm/ ye5r is a proven fact and 
we shall find that the 1:;rge density inhomogeneities required 
In order to produce this drift rate will produce stresses in 
excess of 10 bars. 
The neglect of elastic forces is not very important. Ne 
have zssumed that appreciable flow has tEken place and in this 
case the elastic contribution is negligible. In the uplift 
problem, the crust moved only vertically and because of the 
large horizontal dimensions there was only a small amount of 
stretching or compression. In the case to be considered here, 
where large horizontal motions are permitted, the structure 
of the crust will be more irn-?ortant in determining the pattern 
of motion than in tne uplift case, but for mathematical simpli- 
city merely a thin layer “painted” on the top surface of the 
fluid. ‘de shall qualitatively consider the effects of e thicker 
crust with strength when comparing the solution with observations. 
-5- 
T h e  general equation of motion of a viscous fluid is: 
+ In this equation is the body force per unit mass,,VP is the 
pressure gradient, and 32 is the coefficient of kinematic vis- 
cosity (? =?$,). For the conditions which will be considered 
here, term a is negligibly small mmpared to term 0, and 
term @ is small compared to term 0. The Reynolds number, 
R = ?Lv/~ , may be cslculated using a characteristic length of 
100 km, a typicsl velocity of 1 cm/year, and a viscosity of 
4 =  3 x lo2' poise. de find R = lo-"". The ratio of the In- 
ertial forces to the viscous forces, the ratio of term @) to 
term 0, is always nearly equal to the Reynolds number and so 
the first term is cornpletely negligible. This mezns we may 
93 
assume that the fluid instantaneously assumes a stea9state 
pattern: the equaiions are independent of time except for the 
motion of the boundaries. The evolution of the motion may be 
described by a sequence of steady s t a t e  solutions. 'de may 
compare term @ to term @ if we know how the pressure is 
related to the change in volume, i.e. if we know an equation 
of state. If we assune b p = - k $ ,  then d? = - k  ( V . 3 )  
since AV/V, the dialation, is equal to the divergence (of the 
displacement) of the material. We may now examine terms 0 and a. 
- 6 -  
. If ? i s  constant throughout, we may write the sum of these two 
terms as ;$[P - ?(v *VI], or 3 (W + - '7 drp) -3k dt 
'fhe ratio?/k has the dimension of time, and for the values 
'1 = 3 x lo2' gm/cm/sec and k = 10l2 dynes/cm2, r= q / k  equals 
3 x l o l o  sec or 1,000 years. Thus for times much longer than 
+ +  
a thousand yeers we may neglect term a (1.e. assumeV'v = 0) 
and keep only term a. 
sidering the problem of an ideal "sink" at which material is 
ihis is physically interpreted by con- 
annihilated at a constmt ra.te. The first response of the 
neighboring material is to expand to fill this void but it 
cannot continue to expend forever and after a :f:hile outside mat- 
erial will begin to flow into this low pressure region. A steady 
state flow of constmt ~ B S S  trmsprt aci-oss any closed surfece 
surrounding t h e  sick x:l? evm,tually develope 
Thus we need only consider the simplified equation 
which is valid for the slow velocities and large distances to be 
considered and if we have constant viscosity. If we define 
whereFo and PO are the 
pressure at depth z ,  we 
only: 
6;s -"vp + 
average or "undisturbed" density and 
can subtract the "z' '  part away and keep 
+9= 0 (3) 
. 
-7-  
2. A Particular Solution 
Before proceeding to the general case, let us first consider 
a particular problem in order to introduce the definitions and 
method of approach. 
into a uniform viscous fluid. 
de consider the case of a hard sphere sinking 
Our first question is what need be the profile of the top 
surface of the fluid in order to completely cancel the gravitational 
attraction of the hard sphere in the space above the free surface? 
('de ask this question because we shall find that part of the 
solution for the profile of the depression produced by a sinking 
aphere is exactly that required to cancel grzvity.) 
has an analogy in electrostrtics --- what surface charge density 
will acCumulate on a grounded conductor in order that zero volt- 
age will be everywhere on the other side of the wall? 
problem may be solved by the method of images. 
This problea 
This 
Consider the pmblern of a point charge q which is a dis- 
tance D away from a plane wall cmductor. &hat is the electro- 
static potential Et each point in space? 
charge -q situated a distance D on the other side of the wall 
and remove the conducting wall. 
in space is now d(x,y,z) = 1/4Tc0($ + -g). where rl(x,y,z) and 
rZ(x,y,z) are the distances between the Point (x,Y,z) and the 
original and image charges respectively. 
the plane of symmetry midway between the two charges the 
potential is zero. 
potential approaches the point charge Solution b = 1/4m6jq/q)* 
Imagine an image 
The potential at each point 
rr 
A t  infinity and at 
At points very near the original charge the 
-8- 
These boundary conditions are identical with tbr>se we require 
f o r  the point charge near the grounded conductor wall, and by 
the uniqueness theorem in electrostatics the fields in region 
A (see figure 1) inust be the same for the two cases. The field 
in A is really produced by the point charge and a surface charge 
on the wall and we may find the nagnitude of this surface charge 
density at any point on the wall according to 
Now consider a sphere of mass r'l = a3 whose center 3 
is a distance D from the plane z = 0. Imagine a sphere of mass 
-PI at a distance D above the plane. 'The gravitational field 
strength at the plane z = 0 is normal to the plane and has strength: 
In analogy with electrostatics, we may define a "surface mass 
density" according to 
formulas we find t h a t  the required surface aass density is: 
I - -  9-or-1 e Cornbining these 
4- G 
This surface mass density may be related to the volumetric density 
and a depression of the surface h according to -% = 7 A,.  
g 
This is shown in figure 1. On the left are the mass and its 
image and field in all space. On the right are the mass and 
the surface mass density shown in forinula (4). Below the 
plane (region A ) ,  the fieid is the same as in figure 1 (a), 
but above the plane (region B) the field i s  everywhere zero. 
This means that a surface mass deficiency as given by formula (4) 
will cancel out the gravitational attraction of the sphere M 
in the space above the surface. 
-9- 
Figure 1. (a) The field of two equal but opposite point 
charges. (b) The field of a point charge d r d  a choseil sixface 
charge. 
We now solve for the pressure and velocities produced by 
a sphere sinking in a homogeneous viscous fluid. Consider the 
case of a sphere of radius a falling in a medium in which 67 is 
zero. In reality the material surrounding the sinker would 
change density as it was dragged downward and this instability 
would further drive the c,onvection, but for the moment suppose 
that all of the more dense material is included within the walls 
of the sphere. 
-10- 
The problem of spheres (and ellipsoids) falling in viscous 
media is considered in sections 335-339 of Lamb (1932) and we 
need only apply these results to the case of the earth. The 
only mathematical problem not alrezdy treated by Lamb is the 
effect of the free surface just above the falling sphere. 
Boundzry conditions which closely approximate the free surface 
and yet which still permit a sim9le analytic solution will be 
chosen (an "image" type boundary condition) and tne effects on 
the falling sphere will be found, 
Ne may find the orders of magnitudes involved by consldering 
a sphere falling in an infinite medim.. 
the resisting force acting on a sphere of radius a a d  having 
In 2n infinite medium, 
8 velocity V is: 
Equating this force to the buoyant force of the sphere, we have 
If the radius of the sphere is 100 km and if the density is 
1$ of 3 grn/cm2, then the limiting velocity is .7 cdyear. 
time required for the sphere to sink 200 km (one diameter) is 
30 million yea.rs. 
cision, a factor of ten change up or down of any one of these 
could be possible, but the cDmbination chosen seems reasonable 
The 
Neither a, dp, nor '1 are known with any pre- 
and the time scele of 30 m.y. is of the order of a mountain 
building cycle. 
'The velocities in the fluid induced by the brjll sinking 
beneath a free surface as shown in figure 2(a) are closely 
approxinated by the velocities in the space below of figure 2(b) 
-11- 
v 
v A ball  2 
pl one of symmetry ----- 
V 
Figure  2 .  ( a )  A b a l l  nea r  a free su r face .  
(b) Two b a l l s  i n  an i n f i n i t e  medium. 
-12- 
in which two balls are receeding from one another in an infinite 
medium. The plane of syminetry closely represents the free surface 
as the vertical gradient in the horizontal velocity vanishes here; 
no tangential stresses are transmitted across this plane. The 
symmetry plane also strictly requires that the vertical velocity 
at the surface be zero and the surface be perfectly flat, but 
these two differences between the image boundary conditions and 
the actual free surface are negligible as we shall see later. 
Thus the problem of a ball near a free surfsce crr-n be reduced to 
the sinpler problem of two balls in an infinite ,aedium. 
To solve the two sphere problem, we may at first ignore the 
mutual interaction of the two spheres and represent the velocities 
UIIU n n A  n-n-c1I-..o- p* ""UUI Y Y  thrmlghn~t. " I - -  "b. t he  f l ~ i d  by the si-In of the solutions 
for each ball alone in an infinite medium. 'fhis solution may be 
improved by a pertubation correction as outlined below. $or 
simplicity suppose the top sphere, balle2, is at rest and that 
only ball#l is moving with velocity V. .de have f r m  the basic 
equation of the motion in the fluid: 
* -+  v.v = 0 
2 Thus v p = 0, 
and p may be expanded in a series of spherical harmonics: 
P = S P n  
-13- 
Lamb (5335)  shows how the velocity of the fluid may be found from 
different gradients of pn's, the pressure, and fdn's, arbitrary 
functions which are used to satisfy the boundary conditions but 
which do not have the same effect as pressure. Since the equations 
identically satisfy v*p = 0 and 
fluid, the m l y  problem is to match the boundary conditions. It 
is very easy to have vz = u, vf = 0, on the surfzce of ball 1, 
and vz 
and all of the pn*s and pl,'s are zera except p,2 and fd-20 
However this does not satisfy vz= ve = 0 on the surface of ball #2. 
We may move the origin of the coordinates to tne center of ball #2, 
find the small pn's and (dn's that are needed t6 satisfy the con- 
dition vz= 
terms which cancel out the velocity at this surface predicted 
by the original solution of b a l l  #l), an5: superpose this addition 
u.v = 0 at each point in the 
= 0 at infinity; this is just the Stokes' problem 
= 
= 0 on the surface of this ball (that is find t h e  
to the first solution. 
fluid and vz = ve = 0 on the surfsce of ball "2 and at 00, but 
it dDes not quite satisfy the boundary condition on the surface 
of ball #1 since these new terms have a small effect on ball "1. 
de may now return to ball #1 and find the terms :G'nich w i l l  cancel 
the velocities on its surface predicted by the terms just found 
for #2 --- this process may be continued t o  any desired accuracy. 
This satisfies pzp= 0 throughout the 
For the case where both spheres ar moving agart, each with 
velocity U, we find that the fluid velocity at each point is 
given by (to second order in a/D>: 
-14- 
In these formulas, r1, 81, r2, and 02 are defined as shown in 
figure 3: these four quantities are always positive. Positive 
Vz is up and positive vf is away from the axis of symmetry. 
The quantity e is defined by e = a/D; if the two spheres are 
touching, e = 1. The resisting force on either sphere is 
R = ( m a q ) ( l  + ;i- e + +e2 + * * * )  ( 9 )  
This resistance (equation agrees with the result of 
H. Dah1 reported in Berker (1963) or Faxen (1927). The problem 
of two spheres falling alongside one another was of interest t o  
colloidal chemists. ‘The nutual interactions of two spheres 
having velocities parallel to one another (or beczuse of the 
symmetry in the solution, velocities which are anti-parallel) 
were considered, but only the formula f o r  the resistsnce (and 
hence limiting velocities) was published and not the pressures 
and velocities in the fluid nearby. 
Thus the limiting velocity of a sphere of radius a, depth D 
from the surface, and density 6 -  greater than the fluid will 
fall at the rate: 
P 
-15- 
I . 
Figure 3 .  Definitions of symbols. 
-16- 
'The horizontal velocity of the fluid along the plane z = 0 is 
The maximum horizontal velocity occurs at aboutp =.7D znd is 
about vp = .6 ( % )  U. 7 lhe pressure at the plane z = 0 is 
The verticzl force transmitted across a horizontal plane is in 
general : 
2 Evalua%ing this we find (dropping terms in e ),  
Thus the total vertical force (tension) at the surface may be 
balanced by 3. depression of the surface pghtotal alzd we have: 
There are sev:>ral notable features about these formulas. 
First, Fz(p)  and p(0,p) are entirely independent of the numer- 
ical value of the viscosi.ty (once 7 is large enough so inertial 
-17- 
terms may be omi t t ed ) .  Second, t h e  for:nuias are r e l a t i v e l y  in- 
dependent of t h e  r z d i u s  a of t h e  sphere  provided the  dens i ty  i s  
changed t o  keep t h e  inass ‘The pressure  is i n -  
dependent t o  t h i r d  o r d e r  i n  e ,  t he  h o r i z m t a l  v e l o c i t y  i s  indep- 
endent t o  second o rde r  i n  e ( the  e2 term comes from t h e  f a c t o r  
($  + p2 - a2), end t h e  same e‘ dependency appears  in  
and t h u s  F,. 
b7a3 cons tan t ,  
What q u a n t i t i e s  could be measured by observing t h e  s u r f a c e  
of an i d e a l  viscous f l u i d  conta in ing  a s i n k i n g  ba l l?  
h o r i z o n t a l  dependence of F, and vp , the  dep thDcou ld  be determined. 
From t h e  v e r t i c s l  l oad  F, = pghtotal$ the product  &pa? could be 
determined and an estimate of t’?e r a d i u s  3 made from l i k e l y  va lues  
Prom t h e  
of 6p. L a s t l y ,  u s ing  the v a l u e s  f o r  D and &,3 a 3 , the  v i s -  
c o s i t y  7 may be found from t h e  magnitude of vp . 
a t i o n  may be obtained i f  w e  ob.;erve t h e  su r face  f o r  a long 
Per iod  of time; i f  t h e  ho r i zon ta l  e x t e n t  of t h e  su r face  p a t t e r n  
and thus  D i s  observed a t  d i f f e r e n t  times, then  t h e  l imit ins  
v e l o c i t y  Kill be known s ince  U = dD/dt. 
Equation (10) then r e l a t e s  U t o  a different  combination of 6p ,  
a,  and 7 t han  before, t h e  f a c t o r  6 p d a p p e a r i n g  rether t h a n  67~2’. 
More inform- 
We now come t o  a nain p o i n t  of t h i s  paper,  t h e  r e l a t i o n  
between the  g r a v i t a t i o n a l  a t t r a c t i o n  of the  mass beneath the 
su r face  and t h e  p r o f i l e  of t he  su r face  depression.  Divide t h e  
t o t a l  depress ion  i n t o  two p a r t s ;  t he  part produced by the pres- 
s u r e  term and t h e  part produced by t h e  v e l o c i t y  term. 
-18- 
Notice that the pressure term (equation 16) is identical to the 
surface depression required t o  cancel out the gravitational 
attraction of the sphere beneath the surface (equation 4 ) .  
This identity, which will be proved in general in the next section, 
depends upon having a medium in which viscosity is constant. 
However this is still "partially true" for a viscosity which 
varies with depth, as will be discussed in 9 l a te r  sect ion.  
We now exzmine the validity of our image method of sol- 
How v a l i d  is the ap?roximetion that two balls moving ution. 
apart represent one b a l l  sinkixg beneath a free surface? The 
smaller the distznce h (obtained from the relation F, = p g h )  
is compared to the depth of the ball D, the better the results 
calculated froa the fornulas above will represent the free 
surface c8se. The depth of the depression is given by (equation 15): 
c 
where 
If a = 100 km, D = 200 kn, and. %/p = .01, we find that the 
maxiinum surface de?ression is ;-I = 5 : Z  c, or l/4$ of the distance 
D. This s h o ~ s  that the p l m e  surface Is a good approxination 
-19- 
t o  t h e  s l i c h t l y  wavy f r e e  sur face  and a t  the  = m e  time the  
h e i g h t  .- of rouchly a kilometer i s  l a r g e  enough t o  be t e c t o n i -  
c 3 l l y  i n t e r e s t i n g .  l h e  symmetry of t h e  two b a l l  problem im- 
poses t h a t  t he  plane s w f a c e  z = 0 is s su r fcce  a c r o s s  vhich 
n3 s i e s r  s t r e s s e s  a r e  t ransmi t tcd ,  and we may s r r t i s f y  ou r se lves  
t h a t  t h e  f r e e  s u r f a w  b o u k i a r y  cond i t ions  c r e  c l o s e l y  met on 
t h e  olane z = 0. 
The second ques t ion  which a r i s e s  concerns the  p o s s i b l e  
v e r t i c a l  no t ion  of t h s  f r e e  su r face  w i t h  time, a p o s s i b i l i t y  
which is r u l e d  out  b y  syninetry In the  two b a l l  Droblem, de 
may f i n d  how t h e  time r a t e  of  !-I i s  r e l a t e d  t o  dD/dt (dD/dt = U) 
by d i f f e r e n t i a t i n p  the  f o r m l a  aboyre, and we f i n d  th?. t  dH/dt 
i s  seve r s1  o rde r s  of  mqmitude s m a l l e r  t h s n  t h e  l imit int?  ve l -  
o c i t y  o r  maximum horizont-c-1 ve loc i ty .  m e  L I I ~  oe Laaured G h a t  
t h e  inaFe method of so lu t ion  in t roduces  no ppprec iab le  e r r o r  
i n t o  t h e  s o l u t i o n ,  
-20- 
3 .  A more general solution. 
We assume that the viscosity is constant in all that 
follows. 
and g times 
cr,se of spherical geometry. 
We will first prove the identity between P(x,y,O) 
6~(x,y) for the plane case and then discuss the 
Write the density o f  the fluid as the sum of two terms; 
a term which depends only on depth and a term which represents 
local departures from this average at each depth. 
Now the E ( z )  produces no horizontal variations in the gravity 
-...--mi.. -..-- --a -L  LL- ----e--- ---- a u i u a A y  ucaDuL-cu ut, b i l e  bu1.1 aut: IIUL- d ~ e ~  it generate convectioii 
currents in the viscous fluid, (It may be in a situation of 
unstable equilibrium but only until horizontal irregularities 
start to occur, 
Thus we may ignore z ( z )  in the following discussion. 
$F(x,y,z), will this be of any importance.) 
How do we calculate the gravity anomaly produced by the 
6p (x,y,z) beneath the surfme? 
image masses above the plane z = 0 such that: 
Imagine a distribution of 
We then calculate the gravitational field at the surface z = 0, 
use % = F~ gnollinal, and find the surface naas density which 
will cancel the attraction of the mass i'rregularities below. 
- 1  
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Because of our extension of bj5 
cording to equation (181, this integral over all space is equl- 
valent to twice the integral over the lower half space only. 
Note that the above integral is equivalent to: 
into the upper half apace ac- 
Define r = { ( x - x ~  + ( ~ - ~ ) t  + , z { %  . Then we have 
We now compute the pressure produced by this density dis- 
tribution. 
half space to be filled with a fluid of the same constant vis- 
cosity ?( and with a density as already defined by equation (18) 
in a uniform gravitational f i e l d  pointing downwards. 
We use the method of images and imagine the upper 
Thus we have 
which is valid in all space, with7 and zconstant and &F with the 
symmetry requirements expressed in equation (18). Now take the 
divergence of all terms. 
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The first term is zero since 
of a curl is zero ( V a z =  v(~7.u) -v*vrV^ 1. 
in the -z  direction only, so only derivatives with respect to 
z are present here. Thus we have 
is a constant and the divergence 
The vector points 
a 6- 
- 3 z f  a 2 p  = 
and from Poison's solution, 
We now show that, except for a factor of g, the two integrals 
in forrnujas (19) and (20) are identical when z = 0. Note that 
Integrate these three expressions over all space. 
on the left hand side is identieally zero since it is the integral 
of an exact differential with end points equal to zero. 
The integral 
Thus 
and we have 
Compare this with the result found in the particular cese of 
the rigid sphere sinking in the fluid. In the case of the hard 
-2 3- 
sphere we found that to the approximation considered p was 
independent of e and e* and had only terms of e3 or higher 
( e  = a/p>. 
of order e3, we had p =  
the sphere was perfectly rigid. 
this same relation holds (exactly) if the sphere is made up of 
a material more dense than its surroundings but having the 
same viscosity as the surrounding material. We further find 
that no matter what the viscosity of a fluid bzll (see Lamb 
5 337.2), the pressure outside the ball will m t  be changed if 
the mass of the ball is kept the same, and so the relation 
p =  g q  is true irregardless of the viscosity of the sphere. 
Me have assumed a constant viscosity everywhere in deriving 
this relation (equa,tion 21), but 18 this too restrictive a 
See equations (12) and (8) .  Thus neglecting terms 
. This was solved assuming that 
We see from the above that 
condition? 
in density? Is the less restrictive condition that surfaces 
of constant $j5 or constant velocity should coincide with 
surfaces of constant?? 
May the viscosity change across discontinuities 
There is the suggestion that the in- 
4 2 4 1  
9 tegral which Prises if 7 is not constant, I/( ' 9 -  ' r  LJ d r Q y A  
will vanish for certain viscosity-density patterns other than 
bT= 0, but the prmf of this has not been found. 
The case of spherical geometry was considered and the 
relation p(a, 0 ,  8 )  = ga %(e, d )  was again found to be true 
- if the strength of gravity increased linearly with the radius. 
Such a gravity field, gr= (r/a> ga, corresponds to the field 
inside a sphere of constant density. If g does not have this 
special dependence then there is an extra term in the equation 
but we still have an "almost identity". For the czse where 
the density excess is concentrated at a radius b (and the ap- 
pr0-g-iately larger image mass deficiency is at radius r = a2/b) 
the additional term is proportional to the lnain term and we have 
where +,e,&) is the pressure at the surface of the sphere of 
radius a produced by the disturbance at r = b and its image, 
q , ( Q , q )  is the surface mass layer needed to exactly cancel 
the gravitational field produced by the mass excess at r = b, 
and gb and ga are the strength of gravity at the surface of 
the sphere and the strength at radius b. The angular depend- 
ence of p(a,e,&) and % (e,@) are proportional in this case 
but the magnitudes are different from that given earlier by 
the ratio (gba/gab). 
approximately constant in the mantle, if a density excess is 
located 300 km. beneath the surface, the depression of the 
surface produced by the pressure term is 5$ larger than that 
required to cancel the gravitational field of the density 
excess. The proof of the statements made above is not shown; 
this proof depended ugon having a fluid with constant viscosity 
throughout . 
In the case of the earth where g I s  
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4. Non-Uniform Viscos i ty  
We s h a l l  s e e  i n  t h i s  s ec t ion  t h a t  the  v e r t i c a l  su r f ace  load F 
Z 
(o r  3htota1) i s  r e l a t i v e l y  independent of t h e  assumed h o r i z o n t a l  l aye r ing  
of v i s c o s i t y  f o r  a given dens i ty  d i s t r i b u t i o n .  This  " v e r t i c a l  fea ture"  and 
the  value of  t he  f r e e  a i r  anomaly which is derived from the  d i f f e rence  
between the  a t t r a c t i o n s  of the  mass a t  the  sur face  and the  mass below w i l l  
be independent of the  layer ing;  the "hor izonta l  features",  such a s  t h e  hor- 
izoncal  v e l o c i t y  a t  t he  sur face  o r  t he  shear  s t r e s s  a t  t he  su r face  i f  t he re  
is not a f r e e  sur face ,  w i l l  be c r i t i c a l l y  dependent upon the  assumed layer ing .  
This  means t h a t  d iv id ing  the  t o t a l  su r f ace  load i n t o  two pa r t s ,  a "p" p a r t  
and a 'Iv" pa r t ,  has a c e r t a i n  a r t i f i c i a l i t y ;  each of these  two p a r t s  does 
not preserve i t s  i d e n t i t y  a s  t he  v i s c o s i t y  i s  changed from uniform t o  a 
layered model whereas the  sum of the  two is r e l a t i v e l y  unchanged a s  we vary 
the  v i s c o s i t y .  
t he  "p" p a r t  and "v" p a r t  before  proceeding t o  the  equat ions with non- 
uniform v i s c o s i t y .  
Nevertheless there  a r e  two po in t s  we wish t o  make concerning 
The i n t e g r a l  of p h  total over the  e n t i r e  sur face  must be equal  t o  the  
mass of t he  sphere o r  o ther  shaped ob jec t  below no mat te r  how the  v i s c o s i t y  
v a r i e s  v e r t i c a l l y  o r  ho r i zon ta l ly .  This  is because i n  order  t o  have an 
equi l ibr ium s i t u a t i o n  f o r  the  longest wavelengths i n  t h i s  s e m i - i n f i n i t e  
h a l f  space, we must have an  equa l i ty  between the  t o t a l  downward body force  
and the upward su r face  force .  Second, t he  i n t e g r a l  of ph, over the  
su r face  w i l l  be zero  r ega rd le s s  of the  v i s c o s i t y  p a t t e r n  below the  su r face  
i f  only the  v i s c o s i t y  of the  very top layer  i s  cons tan t .  We s e e  t h i s  from 
the following equat ions ;  the  second equat ion a r i s e s  by assuming '7 
cons tan t  over the  su r face  and by rep lac ing  avi! 
7= 
is 
-7 
by using the  r e l a t i o n  V * V  = 0. 
-26- 
. 
= o  
The l a s t  i n t e g r a l  vanishes  i d e n t i c a l l y  i f  Vp is zero a t  i n f i n i t y .  Sub- 
t r a c t i n g  the  i n t e g r a l  of FAv (= zero) from t h e  i n t e g r a l  of 
we see  t h a t  t he  i n t e g r a l  of @,, over the su r face  is  equal  t o  the  t o t a l  
mass below. Thus the  r e l a t i o n  proven f o r  uniform v i s c o s i t y ,  ( X ,  9 )  = 
P(Y'YI~)/CJ 
ph total, 
s t i l l  has some v a l i d i t y  s i n c e  the  e q u a l i t y  of the 
pressure" sur face  mass def ic iency  and the  mass excess of the s inke r  w i l l  11 
cause the g r a v i t a t i o n a l  f i e l d  of these two t o  p a r t i a l l y  cancel  each o t h e r .  
This cance l l a t ion  w i l l  no t  be per fec t  a s  i n  the  uniform v i s c o s i t y  case ;  t he  
su r face  p r o f i l e  w i l l  not  have exact ly  the  c o r r e c t  shape (propor t iona l  t o  
1/ (D2 + p2 )3'2 i n  t he  case of a s p h e r i c a l  s i n k e r ) .  
In  t h e  uniform v i s c o s i t y  case,  the  f r e e  a i r  anomaly a t  a po in t  was 
propor t iona l  t o  s ince the  a t t r a c t i o n  of and the 
mass below canceled out .  
I n  t h e  case  of a t rench  o r  a mid-ocean 
t h a t  there  is no y dependence, 
3 f  0) = ( 4 3  
r idge ,  we may choose the axes SO 
and i f  w e  i n t e g r a t e  t h i s  along a l i n e  perpendicular  t o  the  t rench  we have 
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The i n t e g r a l  of the  f r e e  a i r  anomaly ac ross  the  t rench  
a constant  t i m e s  the  v i s c o s i t y  times the  d i f f e rence  i n  
v e l o c i t y  of t he  two s i d e s .  The value of t h i s  i n t e g r a l  
should be equal t o  
t h e  ho r i zon ta l  
ac ross  the  Puerto 
Rico Trench was -31,000 mgal*km 
+ 37,000 mgal'km. 
7\ = 3 x poise, we f ind  t h a t  t he  two s i d e s  of the  Puer to  Rico Trench 
and ac ross  the  Mid-Atlantic Ridge near  35ON, 
2 Converting these  numbers t o  cm /sec2 and choosing 
a r e  approaching one another a t  the r a t e  of 3.5 cm/year and t h a t  the  opposi te  
s i d e s  of  t he  Mid-Atlantic Ridge a re  d r i f t i n g  a p a r t  a t  the  r a t e  of 4.4 cm/ 
year .  Such an agreement between the  t r a d i t i o n a l  va lue  of v i s c o s i t y  and 
the  expected r a t e s  of con t inen ta l  d r i f t  is i n t r i g u i n g ;  but t he  numbers 
above a r e  without s ign i f i cance .  F i r s t ,  the  i n t e g r a l  (9+ dx depends c r i t -  
i c a l l y  on whether t he  f r e e  a i r  g rav i ty  values  a r e  gene ra l ly  high o r  low i n  
t h i s  region of the  world. Puerto Rico i s  i n  an  a rea  where the  readings a r e  
gene ra l ly  low ( t h e  geoid i s  depressed i n  the  Caribbean and western At l an t i c )  
and the  North At l an t i c  is  a region where g rav i ty  i s  genera l ly  high ( t h e  
geoid is  elevated i n  the  North A t l a n t i c ) .  We assume here  t h a t  such la rge  
s c a l e  r eg iona l  d i f f e rences  i n  grav i ty ,  which a r e  usua l ly  expressed a s  d i s -  
t o r t i o n s  of the  geoid, have a d i f f e r e n t  o r i g i n  than the  t renches and r i s e s .  
Perhaps these  d i s t o r t i o n s  a r i s e  from convection much deeper i n  the  mantle, 
but  we consider  t h a t  t h e  two problems should not be mixed. Gravi ty  l i n e  
i n t e g r a l s  ac ross  t h e  Mid-Atlantic Ridge i n  the  e q u a t o r i a l  reg ion  have a 
zero  ne t  va lue  and some p r o f i l e s  across  t renches have a ne t  p o s i t i v e  va lue  
( e . g .  Tonga Trench). Thus these  g r a v i t y  l i n e  i n t e g r a l s  would have l i t t l e  
va lue  un le s s  a reg iona l  average could be subt rac ted  ou t .  Second, t h i s  
"ho r i zon ta l  feature"  i s  very dependent on the  assumed layer ing  of t he  
v i s c o s i t y  and the  r e l a t i o n  s h o h  i n  equat ions (24)and (25) i s  t r u e  only f o r  
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the  uniform v i s c o s i t y  case.  
i s  c r i t i c a l l y  dependent on q ( z )  whereas the  f r e e  a i r  anomaly from which the  
i n t e g r a l  is  made changes very l i t t l e  f o r  d i f f e r e n t  forms of (2). In  f a c t  
from the  e q u a l i t y  of the  sur face  mass and the  mass beneath the  sur face ,  the  
ne t  i n t e g r a l  of g should always be zero  except f o r  the  e f f e c t s  of the  
r eg iona l  average of g 
That is the  ho r i zon ta l  v e l o c i t y  of the  sur face  
f 
a s  shown by a depression o r  e l eva t ion  of  the  geoid.  f 
The t renches  and r i s e s  wi th  which we s h a l l  compare our model have a 
two dimensional symmetry appropriate  t o  a cy l inde r  s ink ing  beneath the  
su r face .  There a r e  two ways w e  may a r r i v e  a t  the  formulas g iv ing  t h e  
su r face  f ea tu res  produced by a cyl inder  s ink ing  beneath the  su r face  of a 
f l u i d  of uniform v i s c o s i t y .  One is t o  begin with the  expressions fo r  a 
s i n g l e  cy l inde r  i n  an i n f i n i t e  medium (Lamb, 4 3 4 3 )  and proceed analogous t o  
the  method used previously f o r  the sphere.  
equat ions (ll), (12), and (15) for  a s e r i e s  of po in t  sources  spread con- 
The second is t o  i n t e g r a t e  
t inuous ly  along a l i n e .  E i the r  way, the  formulas fo r  the  su r face  e f f e c t s  
of a c y l i n d r i c a l  s inker  a r e :  
In  these  formulas f o r  the  pressure,  v e r t i c a l  load, and h o r i z o n t a l  ve loc i ty  
a t  t h e  su r face  z L: 0, x is  the  hor izonta l  d i s t ance  along the  su r face  from 
a po in t  above the  cy l inder ,  ML i s  the  mass per u n i t  length,  and D is the  
depth beneath t h e  sur face  of the  cen te r  of t he  cy l inder .  The su r face  mass 
l aye r  required t o  cancel  the  g r a v i t a t i o n a l  f i e l d  produced by the  mass excess 
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of t h e  cy l inder  is propor t iona l  t o  t h e  pressure  a t  t he  surface,  CG = p (Y,0) /3  9 
and so the  ne t  f r e e  a i r  anomaly i n  the  uniform case  i s  
We s h a l l  so lve  the  two layer  problem us ing  a f o u r i e r  expansion. We 
begin here with the f o u r i e r  expansion of the  one layer  problem. Consider 
only the  ha l f  space z < 0.  P Then s ince  V p -- 0, we may choose 
pk - P ( k )  W-Q k x  e': 
p ( x , Q )  = (9 % d k  . 
0 
(2 €3) 
There could a l s o  be a term i n  p 
t h i s  odd term fo r  convenience. Using the r e l a t i o n s  7(! Vp? v'p a n d  v'r=O, 
propor t iona l  t o  s in(kx)ekz but we e l imina te  k 
These a r e  the  gene ra l  forms fo r  t he  express ions  for t he  v e l o c i t i e s  and 
s t r e s s e s  compatible with the  pressure a s  given by equat ion ( 2 8 ) .  These 
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equations suppose that there is no mass inhomogeneity within the half space 
z 0; they were derived for V p = 0. 
source within the medium by supposing we have a single mass discontinuity 
of mass per unit length % at z = -D in an infinite uniform medium. Then 
we have 1 
L We may find the effects of a 
Adding the general terms to these and evaluating at z = 0, 
= 8, . We have renamed the combinations p(k)- a - qk Rnd p(k ) .b  k K 
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I f  z = 0 is a f r e e  sur face ,  w e  must r e q u i r e  v (x,O) and Fxz(x,O) t o  
Z 
be zero  f o r  a l l  va lues  of x. This determines the  va lues  of q, and b3k 
and thus FZz(x,O) and vx(x,O). 
p l a t e  with v and v equal t o  zero i n s t e a d .  
is unchanged by these  new boundary cond i t ions :  
t h e  same f o r  both t h e  f r e e  sur face  and t h e  f l a t  p l a t e  boundaries. Th i s  
is shown symbolical ly  i n  f i g u r e  4. I n  (a) we have the  condi t ions  f o r  a 
But suppose t h a t  w e  l e t  z = 0 be a r i g i d  
Notice t h a t  t h e  va lue  of %z (v,o> z X 
t he  va lue  of FZz(x,O) is 
f r e e  su r face  (Vz and Fxz = 0, v and F # 0).  I n  4(b) w e  have the  
condi t ions  f o r  a f l a t  p l a t e  boundary (v 
but note t h a t  v and F 
4(a) above. 
X zz 
and v = 0, F Z z  and F xz # 0), X Z 
a r e  i d e n t i c a l  t o  t h e  shapes of vz arid F i n  
z zz Z Z  
I f  we had r e t a ined  the odd p a r t  of pk i n  equat ion (28), t he  
p a r t  t h a t  conta ins  a sin(kx) term, then we could s a t i s f y  boundary cond i t ions  
a s  a r e  shown i n  f i g u r e  4 (c ) .  We have t h e  condi t ions  for  a f r e e  su r face  f o r  
a l l  x less than zero  and t h e  condi t ions  for  a f l a t  p l a t e  for  x g r e a t e r  than 
zero. a r e  the same a s  i n  (a) and ( b ) .  
n i f i cance  t o  t h e  problem a t  hand. W e  s ee  t h a t  t h e  e f f e c t s  of a r i g i d  c r u s t  
Yet FZz and v This has g r e a t  s i g -  
Z 
a r e  i n s i g n i f i c a n t  i f  w e  a r e  i n t e r e s t e d  i n  FZZ, al though t h e s e  a r e  important 
i f  we wish t o  know v 
X' 
We have j u s t  used F (x,O) = 0 and vz(x,O) = 0 a s  the  boundary cond i t ions  zz 
f o r  a f r e e  su r face  a t  z = 0. These a r e  r e a l l y  the  exac t  boundary condi t ions  
f o r  two c y l i n d e r s  moving symmetrically apa r t ,  but a s  we have seen before  they 
are a very good approximation t o  t h e  f r e e  s u r f a c e .  
We s h a l l  now f ind the fou r i e r  expansion for  a layer  r a t h e r  than  a h a l f  
space.  For s i m p l i c i t y  suppose the re  is symmetry about t h e  x a x i s  and t h a t  
we a r e  i n t e r e s t e d  i n  t h e  reg ion  -d 5 Z L, + 4 wi th  symmetry about z = 0. We 
s h a l l  have no mass sources wi th in  t h i s  layer ,  a l l  of t he  sources  a r e  i n  the  
h a l f  space below, and so we f ind:  
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FREE SURFACE RIGID PLATE MIXED 
Figure 4. Symbolic diagram showing the independence of 
F,,(x) upon the choice of boundary conditions at the surface. 
t '  
I O I I 
Figure 5. Geometry of the two layer problem. 
P K  = 
v z k  = 
FZZ k = 
Examine the geometry as shown i n  figure 5 .  We must match v v F 
x’ 2’ zz’ 
and Fxz on the surface z = -d .  Combining equations (32) and 
for FZz on the surface z = 0: 
0 
(33) we have 
(3 41 
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F i g u r e  6 .  
w i t h  t h e  t w o - l a y e r  model  f o r  v a r i o u s  r a t i o s  of t h e  v i s c o s i t y  
a n d  v a r i o u s  r a t i o s  of t h e  t h i c k n e s s  of t h e  t o p  l a y e r  d t o  t h e  d e p t h  
of t h e  c y l i n d e r  D .  
The v e r t i c a l  load F , ( x )  a b o v e  a s i n k i n g  c y l i n d e r  computed  
( R  
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This  equat ion was in t eg ra t ed  numerically f o r  d i f f e r e n t  combinations 
of t he  r a t i o s  R = qJ/qt 
i n  f i g u r e  6 .  
and the  parameter R was var ied .  Note t h a t  the  curve F (x) i s  independent 
of any p a r t i c u l a r  va lue  of y, and t h a t  t h e  a rea  under each curve is cons tan t  
(propor t iona l  t o  %). 
on top increases  and the re  i s  a l imi t ing  shape of F 
approaches zero.  
decreases  -- t he  su r face  load spreads out  th inner  over a l a rge r  a r e a .  I n  
‘the bottom p a r t  of t h i s  f i gu re  the v i s c o s i t y  r a t i o  R = q?/qt was kept a t  
R = 1/10 and the  r a t i o  d/D varied.  
any choice of d/D. 
and d/D. The r e s u l t i n g  curves of F (x) a r e  shown 
z z  
I n  the  top pa r t  of  t h i s  f i g u r e  the  r a t i o  d/D was kept a t  1/10 
zz 
The curves tend t o  peak up a t  x = 0 a s  the  v i s c o s i t y  
(x) a s  the  r a t i o  R 
zz  
There i s  no l imi t ing  shape of FZz as the  v i s c o s i t y  on top  
The curve FZz(x) seems t o  be bounded f o r  
Since F (x) i s  independent of any p a r t i c u l a r  va lue  of t he  v i s c o s i t y  and 
s ince  t h e  shape of F (x) iz r e l a t i v e l y  independent of the  v e r t i c a l  d i s t r i b u -  
t i o n  of v i s c o s i t y  ( a t  l e a s t  i f  7 increases  towards the  sur face) ,  we may f ind  
t h e  mass below which produces a given su r face  load with a minimum of knowledge 
about the  v i s c o s i t y  of the  upper mantle.  We s h a l l  o r i g i n a l l y  assume t h a t  
F (x) has the  shape a s  given in  the  uniform v i s c o s i t y  case and l a t e r  s h a l l  
suppose i t  has the  more peaked up shape of a case  i n  which the re  i s  a t h i c k  
top  layer  of much g r e a t e r  v i scos i ty  than  below. 
z z  
zz  
zz  
1. 
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5 .  Comparison with Observation. 
A bas i c  f ea tu re  of the  viscous model is t h a t  t h e  ocean t renches a r e  
produced by a la rge  mass s inking  deeper i n t o  the  mantle many t ens  of k i l o -  
meters beneath t h e  t rench  and t h a t  the  mid-ocean r i s e s  a r e  produced by 
l i g h t e r  m a t e r i a l  r i s i n g  beneath the r i s e s .  
of the  e a r t h ,  
compared t o  the  p red ic t ions  of t he  v iscous  model. 
I n  t h i s  s ec t ion  two such regions 
the  Puer to  Rico Trench and the  Mid-Atlantic Ridge, w i l l  be 
We have seen t h a t  the  "horizontal  fea tures"  of the  surface,  such a s  
the  ho r i zon ta l  r a t e  of d r i f t  a t  the sur face ,  a r e  c r i t i c a l l y  dependent on 
the  assumed layer ing  of the  v i scos i ty  of t he  mantle.  However the  " v e r t i c a l  
features" ,  such a s  the  v e r t i c a l  surface load o r  t h e  g rav i ty  anomaly, were 
shown t o  be r e l a t i v e l y  independent of t he  p a r t i c u l a r  v i s c o s i t y  layer ing  
chosen. Because of t h i s  i n s e n s i t i v i t y ,  the  r e s u l t s  of t he  simple uniform 
v i s c o s i t y  model may be considered t o  be a good f i r s t  approximation t o  the  
more exact  so lu t ion .  
There a r e  th ree  types of data with which we may compare the  theory.  
The f i r s t  i s  the  "subcrus ta l  g rav i ty  anomaly" , gs. 
a i r  anomaly is known. Fur ther  suppose t h a t  t he  c r u s t a l  s t r u c t u r e  is known -- 
i . e .  the  depth t o  each in t e r f ace  and the  dens i ty  of  each l aye r .  We may use 
the  simple f l a t  p l a t e  approximation t o  compute t h e  g r a v i t a t i o n a l  a t t r a c t i o n  
of t hese  c r u s t a l  l ayers ,  g (x) = { 2 Q  G ( F ,  Ah,&) + f i  Ah, tr) + . * - )  - 
cons tan t  , 
with in  the  mantle by taking the  d i f f e rence  between the  measured f r e e  a i r  
va lue  and the  accounted for ,  c rus t a l ,  va lue :  I n  
t h e  mid-oceanic a reas ,  t h i s  subcrus ta l  anomaly w i l l  be very s i m i l a r  t o  the  
Bouger anomaly s ince  the  f r e e  a i r  anomaly is almost zero and most of the  
Suppose t h a t  t h e  f r e e  
C 
We then determine the g r a v i t y  anomaly produced by masses deep 3 
g,(x) = gf(x) - gc(x).  
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1 .  \ 
c r u s t a l  e f f e c t  w i l l  be due t o  the water-basement i n t e r f a c e .  I f  t h e  c r u s t a l  
s t r u c t u r e  i s  known so t h a t  g,(x) can be determined, then t h e r e  is a powerful 
c o n s t r a i n t  on the  form which the  mass d i s t r i b u t i o n  below t h e  c r u s t  may assume. 
One o ther  cons t r a in t ,  such a s  specifying t h a t  the  mass inhomogeneities a l l  occur 
wi th in  a layer  a spec i f i ed  d is tance  down, i s  a l l  t h a t  i s  needed t o  determine a 
d e f i n i t e  dens i ty  p a t t e r n  f o r  the  deeper mass. The inferences  der ived from the  
quan t i ty  g 
u l a r  p l a s t i c  o r  viscous model used -- grav i ty  depends only upon mass d i s t r i b u -  
t i o n s  and not  t he  rheologica l  proper t ies  of the  medium. 
have the  g rea t  advantage t h a t  they a r e  independent of the  p a r t i c -  
S 
A second quan t i ty  which w i l l  be used is  the  " v e r t i c a l  su r f ace  load", F . z 
This  quan t i ty  a l s o  r equ i r e s  a knowledge of the  c r u s t a l  s t r u c t u r e  before  it  
can be ca l cu la t ed .  The load of a mountain o r  i s l and  i s  d i s t r t b u t e d  over i t s  
e n t i r e  base a rea ,  but we s h a l l  ignore t h i s  spreading e f f e c t  and compute FZ 
a t  a po in t  by summing the weight of a l l  of the  masses above i t :  F = z 
{(ps ~ l z , c * )  + 3 Ah,(%) + 1 - c o n s t a n t  1 . This q u a n t i t y  
i s  propor t iona l  t o  the  c r u s t a l  g r a v i t a t i o n a l  a t t r a c t i o n  g def ined before ,  and 
aga in  an a r b i t r a r y  cons tan t  has  been removed i n  order  t o  make t h i s  quan t i ty  
equal  t o  zero a t  d i s t ances  f a r  from the  t rench o r  r i s e .  The simple viscous 
model p r e d i c t s  the  FZ r e s u l t i n g  from a given dens i ty  d i s t r i b u t i o n  i n  the  
mantle.  
C 
Thus f o r  a known FZ, we may aga in  i n f e r  upon the  mass d i s t r i b u t i o n  
beneath the  sur face ,  bu t  t h i s  time our inference  does depend upon the  v a l i d i t y  
of the  simple v iscous  model. 
There i s  a t h i r d  measured quant i ty  which w i l l  be used i n  the  comparison, 
The viscous model p r e d i c t s  t he  form of the  sur face  t h e  f r e e  a i r  anomaly, g f .  
load F which mani fes t s  i t s e l f  i n  t he  form of dens i ty  d i f f e r e n c e s  i n  the  c r u s t  
The g r a v i t a t i o n a l  a t t r a c t i o n  of the  c r u s t a l  dens i ty  v a r i a t i o n s ,  gc, p lus  the  
z 
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a t t r a c t i o n  of the  d r iv ing  mass deep wi th in  the  mantle combine t o  form the  
ne t  g rav i ty  f i e l d ,  g f .  
beneath the  sur face  is  from a surface measurement; aga in  the  accuracy of our 
inference depends upon the  r e l i a b i l i t y  of t he  s i m p l e  viscous model. 
Again we may i n f e r  what t he  d i s t r i b u t i o n  of m a s s  
FZ, and g a r e  not  independent. The subc rus t a l  f The th ree  q u a n t i t i e s  g 6’ 
grav i ty  anomaly g 
viscous o r  o ther  model chosen. 
no knowledge of t he  c r u s t a l  s t ruc tu re  i s  required,  only a sur face  g r a v i t y  
p r o f i l e .  The quan t i ty  F i s  redundant. It can be obtained from the  d i f f e r -  
ence of the  o ther  two q u a n t i t i e s ,  but  i t  w i l l  be re ta ined  because of  i t s  
d i r e c t  phys ica l  i n t e r p r e t a t i o n .  
b e t t e r  account f o r  a l l  da t a  and t h i s  modi f ica t ion  is  bes t  i n t e r p r e t e d  a s  a 
change i n  the  shape of the  F (x) produced by each p iece  of mass beneath t h e  
sur face .  
long t renches o r  r i s e s  and i n  t h i s  two-dimensional geometry the  t h r e e  
q u a n t i t i e s  of i n t e r e s t  a r e  r e l a t ed  t o  the  m a s s  beneath the  c r u s t  according t o :  
has s p e c i a l  s ign i f icance  i n  t h a t  i t  i s  independent of t he  
S 
The f r e e  a i r  anomaly’gf has the  advantage t h a t  
z 
We s h a l l  l a t e r  modify the  viscous model t o  
z 
We s h a l l  be i n t e r e s t e d  only i n  su r face  p r o f i l e s  perpendicular  t o  
(3 5) 
The v e r t i c a l  load F i s  p o s i t i v e  for a compression. The quan t i ty  F which 
was used before  was p o s i t i v e  fo r  tension, i . e .  F = -F . 
the  mass per u n i t  length a t  a d i s tance  D beneath the  su r face ;  x is  the  
z zz 
The q u a n t i t y  5 is  
zz z 
~ 
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hor i zon ta l  d i s t ance  along the  sur face  measured from the  poin t  d i r e c t l y  above 
the  mass 5. 
acce l e r a  t ion of g rav i ty  respec t ive  l y  . 
The G and g a r e  the Newtonian g r a v i t a t i o n a l  constant  and the  
We s h a l l  c a l l  the  pred ic t ions  made by equat ions ( 3 5 )  above the  pred ic-  
t i o n s  of the "simple viscous model." The b a s i c  assumptions of t h i s  model a r e  
t h a t  the mantle has  a uniform v i s c o s i t y  and the  su r face  load manifests  i t s e l f  
a s  a t h i n  layer  of d i f f e r e n t  dens i ty  a t  the  su r face .  
The Puerto Rico Trench i s  one of t he  most thoroughly s tudied  reg ions  of 
the  e a r t h  wi th  c l o s e l y  spaced g rav i ty  s t a t i o n s  and a l a rge  number of seismic 
r e f r a c t i o n  l i n e s  which give the depths t o  d i f f e r e n t  d i s c o n t i n u i t i e s  i n  the 
c r u s t .  A north-south p r o f i l e  across  Puerto Rico showing the seismic r e f r a c -  
t i o n  and g rav i ty  da t a  i s  reproduced i n  f igu re  7 .  A map showing the loca t ion  
of the seismic l i n e s  i n  r e l a t i o n  t o  the  g rav i ty  p r o f i l e  i s  shown i n  f i g u r e  8 .  
These f igu res  are from Talwani, Sutton, and Worzel (1959). 
Talwani, Sutton, and Worzel have i n t e r p r e t e d  t h i s  da t a  i n  the following 
way. The seismic da t a  was used t o  determine the depths t o  a l l  of the  c r u s t a l  
i n t e r f a c e s ,  and an experimental  ve loc i ty-dens i ty  r e l a t i o n  was used t o  a s s i g n  
a dens i ty  t o  each of these  upper layers .  They then assumed t h a t  the lowest 
c r u s t a l  layer ,  the  layer  i n  which the  7.0 km/sec v e l o c i t y  was measured, has 
a uniform d e n s i t y  of 3.0 gm/cm , and t h a t  a l l  m a t e r i a l  below the  Mohorivicic 
d i s c o n t i n u i t y  has a dens i ty  of 3 . 4  gm/cm . 
knowledge of the  depth t o  the  Moho a t  one poin t  on the ou te r  r idge)  only one 
unknown remains; the  p r o f i l e  of the  = 3 . 0  and p = 3 . 4  gm/cm i n t e r f a c e .  
The g rav i ty  e f f e c t s  of the upper, known, l aye r s  w e r e  computed and then t h i s  
unknown p r o f i l e ,  which they c a l l  M, was ad jus ted  so t h a t  t h e  t o t a l  computed 
g r a v i t y  anomaly agrees  with the measured g rav i ty  anomaly. The d o t s  i n  the 
lower p a r t  of f i g u r e  7 a r e  the  grav i ty  measurements, and the  s o l i d  l i n e  i s  
3 
3 With these  r e s t r a i n t s  (and wi th  
3 
-40- 
NARES 
BASfN OUTER RIDGE 
I c
a 
W n 
w 
2 
Y 
PMRTO RfCO 
TRENCH 
KILOMETERS NORTH .OF LATITUDE 18. N 
I I 
-600 
0 -100 -200 xx) 400 xx) m 100 
VIG. 3--llPpcr--Comyulcd crustal scr~ion. Crustal Inycring is from seismic data; M is from gravity 
data; pointe are seismic interfaccs. Lower-Computed attraction of layers to 32-krn depth using reduccd 
densities p'. Solid curve is total attraction (computed free-air anomaly) which ia compared with ob 
served anomaliea. 
Figure 7. (F'rom Talwani, Sutton, and Worzel; 1959) 
-41- 
I 'A 
"1 
\ 
Fxa. 1-Location of eeimic refraction and gravity 
EhtiOM. 
Figure 8. (From. Talwani, Sut ton ,  and Worzel; 1959)  
-42- 
the  g rav i ty  computed us ing  the c r u s t a l  s t r u c t u r e  shown i n  the  upper p a r t  of 
t h i s  f i gu re .  Near the  edges of the  f igu re  the  i n t e r f a c e  M agrees  with t h e  
seismic r e f r a c t i o n  da ta ,  but remember t h a t  one depth had t o  be fed i n t o  t h e  
model s ince  the  g rav i ty  da ta  alone is q u i t e  i n s e n s i t i v e  t o  the  depth on any 
la rge  f l a t  layer .  I n  the  region where M undergoes l a rge  changes, from about 
-100 km t o  +200 km, t he re  is only one seismic da ta  poin t ,  l i n e  R20 which was 
measured more than 100 km o f f  t o  the  e a s t  of t h i s  p r o f i l e .  (Distances a r e  
t o  be measured nor th  from l a t i t u d e  18' N.) See f i g u r e  8.  The s ign i f i cance  
of l i n e  #20 w i l l  be discussed l a t e r  i n  connection wi th  t h e  Moho p r o f i l e  shown 
i n  f igu re  12. 
Talwani, Sutton, and Worzel's i n t e r p r e t a t i o n  of the  g rav i ty  and seismic 
r e f r a c t i o n  da ta  near Puerto Rico is t he  only sens ib l e  i n t e r p r e t a t i o n  if t h e r e  
a r e  no dens i ty  v a r i a t i o n s  i n  the  m a t e r i a l  beneath the  Moho. 
such a s t r u c t u r e  of depths t o  in t e r f aces  and dens i ty  of layers  w i l l  account 
for  the  observed seismic and gravi ty  data ,  t he re  s t i l l  remains a s e r ious  
problem of dynamic i n s t a b i l i t y .  I f  t h i s  g rav i ty  low is produced by having 
l i g h t  c r u s t a l  ma te r i a l s  extending down t o  roughly 20 km beneath t h e  sur face  
a s  shown i n  f igu re  7, then the re  a r e  tremendous forces  which will t r y  t o  l i f t  
t he  t rench f l o o r  u n t i l  an equi l ibr ium s i t u a t i o n  is reached and t h e  t rench  no 
longer e x i s t s .  
the  observed g rav i ty  and seismic da ta ,  such a s t r u c t u r e  is  poss ib l e  only i f  
t he  t rench f l o o r  and surrounding regions a r e  r i s i n g  rap id ly ,  say a t  a few 
But even though 
That is, although the  s t r u c t u r e  shown i n  f igu re  7 w i l l  expla in  
cm/year, o r  i f  the  c r u s t a l  and mantle rocks have a very g r e a t  s t r eng th .  
an idea of t h e  magnitude of t he  stresses involved, consider  t h e  following 
schematic r ep resen ta t ion  of t h i s  region.  Suppose the  Puer to  Rico g rav i ty  
For 
anomaly is produced by a longaprism beneath t h e  sur face  with a width,w, of 
100 km and a height ,h ,  of 10 km. Suppose t h a t  t h e  f r e e  a i r  anomaly is zero 
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except r i g h t  over t h i s  p r i s m  where i t  is -250 mgal. Using the  simple formula 
69 = Z T G p h  , we f ind  t h a t  t h e  dens i ty  de f i c i ency  of t h i s  prism should 
3 be 
su r face  o r  a shear  on t h e  two e x t e r i o r  s i d e s  ( c y l i n d r i c a l  geometry). 
t h e  excess su r face  fo rces  wi th  t h e  excess body fo rce  we have: Tw + 2Sh = aphwg. 
I f  w e  suppose t h a t  t h e  t ens ion  and the shear  stress a r e  equal, then  we f ind  
t h a t  T = S r 500 bar s .  A s t r e s s  of t h i s  magnitude is a t  t he  l i m i t  of what 
rocks can withstand. 
A F -  - .6  gm/cm . This plug must be he ld  down by a t ens ion  on the  bottom 
Matching 
I f  we remove the  c o n s t r a i n t  tha t  t h e  d e n s i t y  below t h e  Moho has no 
inhomogene-itiee, then the problem no longer has a unique s o l u t i o n .  But i f  
we suppose t h a t  many t e n s  of kilometers below t h e  g r a v i t y  low t he re  is a 
heavy mass which is ~ 1 0 w l y  s ink ing  deeper i n t o  t h e  mantle, then we have a 
mechanism which preserves  t h e  g rav i ty  low a t  the su r face  for  m i l l i o n s  of 
years  r a t h e r  than  wi th  a t i m e  s c a l e  of t e n s  of thousands of y e a r s  a s  i n  t h e  
case of Fennoscandia o r  Lake Bonneville. Once t h e  dimensions of t h e  l a r g e  
subter ranean  mass a r e  decided upon as r equ i r ed  t o  keep t h e  p r o f i l e  of t h e  
t r ench  i n  a s teady  s t a t e  equilibrium, then  the  p r o f i l e  of t he  Moho can be 
uniquely chosen i n  order  t o  match the measured g r a v i t y  anomaly, if indeed a 
sharp Mohorivicic d i s c o n t i n u i t y  does occur beneath t renches .  
between t h e  s teady  s t a t e  p a t t e r n  of t he  su r face  and the  dimensions of t h e  
"s inker"  w i l l  depend on t h e  r e l a t i o n s h i p  between s t r a i n  r a t e  and s t r e s s ,  bu t  
for  s i m p l i c i t y  assume t h a t  t h e  simple v iscous  r e l a t i o n  is t r u e .  
The r e l a t i o n  
There is  an  asymmetry in t he  g r a v i t y  p r o f i l e  of t h e  Puer to  Rico Trench -- 
such an  asymmetry is present  in a l l  t r enches  -- and t h e  c o r r e c t  s o l u t i o n  
should probably inc lude  an  asymmetric convect ive motion s l a n t i n g  downward 
under Puer to  Rico from t h e  A t l a n t i c  toward deep under t h e  Caribbean. However 
we may remove most of t h e  asynnnetry of t h e  t r e n c h  by cons ider ing  t h a t  t h e  
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t o t a l  observed g rav i ty  
an i s l and  i n  i s o s t a t i c  
9 .  
p r o f i l e  i s  the  sum of  two p a r t s :  
equi l ibr ium plus  the e f f e c t s  of t he  t rench.  See f igu re  
a p a r t  produced by 
An i s land  i n  i s o s t a t i c  equi l ibr ium has a g r a v i t y  p r o f i l e  s imi l a r  t o  t h a t  
shown i n  f igu re  %I. Direc t ly  over the  i s land ,  t he  g r a v i t y  anomaly i s  very 
p o s i t i v e  s ince  the re  i s  much more rock and l e s s  water beneath the  su r face  
than elsewhere i n  the  ocean. 
i s  i n  i s o s t a t i c  equi l ibr ium, then there  must be a l a rge  "root" of l e s s  dense 
ma te r i a l  beneath i t  i n  order  t h a t  the  i s l and  p lus  r o o t  can f l o a t  l i k e  an  
iceberg  i n  the  denser mantle. This roo t  i s  the  cause of the  lower than normal 
g r a v i t y  anomaly i n  the  seas  adjacent t o  the  i s l and .  I s o s t a t i c  equi l ibr ium 
i s  achieved when the  i n t e g r a l  of  the f r e e  a i r  g rav i ty  anomaly over t he  e n t i r e  
a rea  i s  zero.  Over a small a r e a  i s o s t a t i c  equi l ibr ium does not occur because 
of t h e  s t r e n g t h  of  t he  c r u s t a l  mater ia l ,  but over a r e a s  of  a rad ius  of 
roughly 100 km t h i s  i s o s t a t i c  equi l ibr ium is the  genera l  r u l e  -- the  most 
important except ions t o  t h i s  r u l e  a r e  t he  t renches.  I n  the  usua l  example of  
But i f  the  i s l and  has e x i s t e d  a long time and 
one i s l and  i n  the  
f l a rge  pos i t i ve  g 
Puer to  Rico has a 
and Hispaniola on 
middle of the  ocean ( r a d i a l  symmetry), the  i s l and  has a 
and the  surrounding seas  have a small negat ive  g However 
two dimensional symmetry, the  Virgin I s l ands  on the  e a s t  
the  west r i s e  e s s e n t i a l l y  the  same he ight  from the  ocean 
f '  
f l o o r  a s  does Puerto Rico, and i n  t h i s  geometry the  l i n e  i n t e g r a l  of  gf(x) 
i n t eg ra t ed  along any s t r a i g h t  l i n e  c ross ing  the  i s l and  should have a n e t  
value of  zero.  
The assumed " i s o s t a t i c  is land" shown i n  f i g u r e  %)was obtained i n  the  
following manner. The g r a v i t y  measurements l i s t e d  i n  t a b l e  2 of Talwani, 
Sut ton,  and Worzel (1959) were.used with the  except ion of minor changes i n  
the  v a l u e s  f o r  the  land s t a t i o n s .  The va lues  measured on land were changed 
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Figure 9. The free air anomaly of Puerto Rico decomposed 
into two parts: a symmetrical "isostatic island" and the 
remaining "trench only". 
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t o  f r e e  a i r  va lues  us ing  the  he ights  and dens i ty  given by Talwani, Sut ton  
and Worzel ins tead  of t he  simple Bouger va lues  tabula ted  i n  t a b l e  2 .  These 
g rav i ty  values ,  which were measured a t  i r r e g u l a r  i n t e r v a l s  along the  p r o f i l e ,  
were then converted i n t o  values  spaced every 10 km by i n t e r p o l a t i o n .  The 
accuracy of the measurements i s  so good t h a t  a l i n e a r  i n t e r p o l a t i o n  between 
the  ad jacent  measurements was qu i t e  s u f f i c i e n t  -- an exception t o  t h i s  r u l e  
was made fo r  the value a t  +SO km where th ree  va lues  were used t o  g raph ica l ly  
determine the value of gf(+50). 
computations r a t h e r  than t h e  o r i g i n a l  da t a .  
The negat ive a rea  between -35 km and -180 km was then found: 
The p o s i t i v e  a r e a  under the  is land no r th  of  -35 km was summed u n t i l  the  t o t a l  
a rea  was GO10 mgal-km: t h i s  value was reached a t  the  d i s t ance  +22 km. The 
d i s t ance  +22 km was then chosen as  a l i n e  of symmetry and a mir ror  image of 
the  values  of g south of the l i ne  was " re f lec ted"  t o  the  no r th .  The r e s u l t i n g  
curve i s  shown i n  f i g u r e  %). 
9@. The manner of choosing % ) i s  respons ib le  fo r  the  zeros  between +20 km 
t o  -180 km; a more soph i s t i ca t ed  manner of choosing9(b) could s h i f t  t he  r i g h t  
hand s i d e  of % ) a  b i t  t o  more near ly  match the  l e f t  hand s i d e  of the  t rench,  
This equispaced da ta  was then used i n  a l l  
This  da t a  i s  shown i n  f i g u r e  90. 
-6010 mgal-km. 
f 
Curve 9(c)was cons t ruc ted  by s u b t r a c t i n g  9Q) from 
but  the u n c e r t a i n t i e s  of t h i s  method don ' t  warrant more than a s i m p l e  t r e a t -  
ment. 
This s epa ra t ion  of the  grav i ty  p r o f i l e  i n t o  two pa r t s ,  a p a r t  by an  
" i s o s t a t i c  is land" and a p a r t  by the ' t rench  alone: enables us t o  ignore the 
complicating e f f e c t s  of the  is land.  A complete theory of t renches would have 
t o  consider  t he  neighboring i s lands :  such i s l a n d s  a r e  an in t imate  p a r t  of 
every t rench.  But such a theory would have t o  be evolu t ionary  showing how 
the  i s l and  slowly accre ted  unt ' i l  it reached i t s  present  s i z e .  
ambitious goa l  here  i s  t o  recognize the  ex i s t ence  of an i s l and  a t  p resent ,  
Our l e s s  
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but t o  ignore how i t  came t o  be. 
convective motions now i n  a c t i o n  which produce the  present  t rench.  
we may note t h a t  t he  t o t a l  volume of c r u s t a l  rocks beneath the  t rench and 
i s l and  a r e  comparable t o  the  volume which would be c a r r i e d  t h e r e  i f  1500 km 
of ocean f l o o r  had been drawn down i n t o  the  t rench and then deposi ted under 
Puer to  Rico. 
correspond t o  a t i m e  of 150 mi l l ion  years .  Using t h e  bottom p r o f i l e s  shown 
i n  f i g u r e  12 between the  hor izonta l  d i s t ances  of +300 km and -100 km, t he  
volume of rock of dens i ty  2 . 7  gm/cm3 i s  1920 km ( x  1 cm) and of dens i ty  
3 2 3.0 gmlcm , 7850 km ( x 1 cm). Assuming 5.5 km, 7.0 km, and 11.5 km t o  be 
the appropr ia te  d iv id ing  l i n e s  i n  a t y p i c a l  ocean, we compute t h a t  a s t r i p  
of  ocean 1500 km long would have a t o t a l  volume of l i g h t e r  and heavier  
c r u s t a l  rocks of 2250 km ( x  1 cm) and 6750 km ( x  1 cm) r e spec t ive ly .  Thus 
we see  how the  simple model t o  be presented here  might be extended i n t o  an 
evo l u  t ionary mode 1. 
We a r e  i n t e r e s t e d  only i n  the  poss ib le  
However 
I f  t h e  ocean bottom d r i f t e d  a t  the  r a t e  of  1 cm/yr, t h i s  would 
2 
2 2 
Figure 10 shows the  f r e e  a i r  anomaly of the  "trench only" of f igu re  S(c) 
toge ther  with two t h e o r e t i c a l  f r ee  a i r  curves drawn us ing  formula (35) .  The 
t h e o r e t i c a l  curves  were computed for a c y l i n d r i c a l  ob jec t  s ink ing  s t r a i g h t  
down beneath +170 km. The magnitudes and the  widths of the  t h e o r e t i c a l  
curves  were ad jus ted  by changing the mass per  u n i t  length,  B$,, and the  depth, 
D, of the  s inke r .  The two curves,  which correspond t o  s inke r s  a t  80 km and 
90 km, show how wel l  t h i s  t h ree  parameter theory agrees  wi th  the  da ta  (two 
parameter once the  l i n e  of symmetry i s  chosen) and show approximate l i m i t s  
a s  t o  how much these  parameters may be var ied .  
t o  be the  b e t t e r  f i t :  t he  d i f fe rence  between t h i s  curve and the  " t rench 
I consider  t he  D = 80 curve 
only" curve is roughly a cons tan t  20 mgal. and t h i s  cons tan t  p f f s e t  could be 
caused by another ,  more general ,  f ea tu re .  We have previously seen ( s e c t i o n  
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4) t h a t  wi th  any p a t t e r n  of v i s c o s i t y  the  t o t a l  mass d e f i c i t  on the  su r face  
equals  the mass excess below. This must be so i n  o rde r  t h a t  t he re  i s  no 
motion involving t h e  longest wavelength. The negat ive  p a r t  of gf j u s t  over 
t h e  s inke r  i s  produced mainly by the v iscous  response t o  the  s ink ing  ob jec t  
and t h e  shape of t h i s  p a r t  of the curve could be changed if t he  s i m p l e  v i scous  
r e l a t i o n  were not va l id ,  but t h e  pos i t i ve  p a r t  of gf on each s i d e  is produced 
by t h e  g r a v i t a t i o n a l  a t t r a c t i o n  of t h e  excess mass of t he  s i n k e r .  I f  t h e  
m a t e r i a l  has a f i n i t e  s t r e n g t h  ( p l a s t i c )  o r  i f  t h e r e  a r e  complicat ing f e a t u r e s  
100 km down which l i m i t  the  sinking v e l o c i t y  i n  some way, these  could only 
reduce the  magnitude of the mass d e f i c i t  on the su r face .  But less su r face  
mass d e f i c i t ,  or more su r face  load, could only make the  n e t  l i n e  i n t e g r a l  
of g p o s i t i v e  in s t ead  of zero.  Any conceivable  p l a s t i c  o r  e l a s t i c  change 
should only make t h e  "wings" of the "trench only" curve more p o s i t i v e  than i s  
observed. The conclusion is t h a t  t h i s  a r ea  of t h e  globe -- t h e  Caribbean and 
Western A t l a n t i c  -- must have an  average va lue  of g which is l e s s  (by about 
20 mgal) than s tandard .  Indeed we observe t h a t  t h e  geoid is  depressed by 
about 10 meters i n  t h i s  region. (Kaula, 1964) 
f 
f 
For the curve with D = 80 kmwe f ind t h a t  t h e  mass p e r  u n i t  length of 
13 the  s ink ing  cy l inde r  is  ML I: 1.7  x 10 
a cy l inde r  wi th  a 40 km radius ,  the average excess d e n s i t y  of t he  cy l inde r  
is A B  = .34 p / c m  , or  107' more than t h e  average d e n s i t y  of t he  upper 
mantle.  We suppose t h a t  t he  sinker is much coo le r  than i t s  surroundings 
s i n c e  i t  has been brought down from t h e  cooler  top l aye r s  of t h e  e a r t h .  The 
hea t ing  of t h i s  l a rge  blob by conduction o r  r a d i a t i o n  t r a n s f e r  from the  
surrounding m a t e r i a l  would be a very slow process (see below) and the  amount 
gm/cm. I f  t h i s  mass excess is i n  
3 
of h e a t i n g  caused by t h e  a d i a b a t i c  compression i s  n e g l i g i b l e .  
of magnitude estimate of t h e  time requi red  f o r  a c y l i n d e r  of r ad ius  50 km 
For an o rde r  
. -50- 
t o  hea t  up t o  an appreciable  f r ac t ion  of the  temperature of i t s  surroundings, 
consider the  following s i m p l e  argument. The equat ion f o r  hea t  d i f f u s i o n  i s  
v 2 T =  = and we find from dimensional arguments a charac te r -  
P C P  a x  
3 i s t i c  t ime,&.  Using a 4 0  km, 3 . 3  gm/cm , c = .2  cal/gm°C, and 
P 
k = .006 cal/cm°Csec; we f ind  t h a t  t h i s  c h a r a c t e r i s t i c  t i m e  is t = rea* - 
c 7 - F o  
100 m i l l i o n  years .  Thus, w i th in  perhaps a f a c t o r  of th ree ,  w e  f ind  t h a t  i n  
100 mi l l i on  years  the  temperature a t  t he  cen te r  of  the  cy l inder  w i l l  heat  up 
by about one-half of the  d i f f e rence  between the  o r i g i n a l  temperature a t  t he  
cen te r  and the  temperature a t  t h e  sur face  of  the  cy l inde r .  
is required s ince  heat  t r a n s f e r  by conduction o r  r a d i a t i v e  t r a n s f e r  is a 
very slow process compared t o  heat  t r a n s f e r  i n  the  e a r t h  by convection. 
( t h e  k = .006 above was a t o t a l  thermal conduct ivi ty ,  including the  average 
e f f e c t s  of both of these  processes) .  Thus i f  the s inke r  sank a t  a r a t e  of 
1 cm/year, i t  would r equ i r e  only 10 m i l l i o n  years  f o r  the  cy l inde r  t o  s ink  
t o  a depth of 100 km and the  temperature change due t o  conduction inward 
from the  surrounding medium would be n e g l i g i b l e  i n  t h i s  s h o r t  time. Since the 
su r face  temperature is about O°C and t h e  temperature a t  100 km i s  about 
1500 OC i n  s e v e r a l  proposed temperature models, a temperature d i f f e rence  of 
1000 OC between the  s inker  and i t s  surroundings could poss ib ly  e x i s t  although 
a much smal le r  temperature d i f fe rence  i s  more l i k e l y .  I f  the  dens i ty  excess 
were due t o  l i n e a r  thermal expansion wi th  a volume expansion c o e f f i c i e n t  of 
o( a 3 x lO-'/"C, a 1000°C temperature d i f f e rence  would produce only a 3 % 
change i n  the  dens i ty ,  not t he  109"' change which w e  r equ i r e .  I f  however 
the re  i s  a phase t r a n s i t i o n ,  which could occur here  a t  a much shallower depth 
than normal i f  the  temperature here were seve ra l  hundred degrees cooler  than 
average, then t h i s  10% densiby excess  is with in  reason.  
This  long time 
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This required 10% excess dens i ty  could be reduced considerably i f  
the  s inker  were a t  a g rea t e r  depth than  the  80 km which we found above wi th  
the  s i m p l e  viscous model s ince  i f  the  s inker  were deeper the  excess mass 
could be spread out  more i n  a grea te r  volume. We have seen ( f igu re  6 )  t h a t  
i f  the  v i s c o s i t y  near t he  sur face  is very  much g rea t e r  than the  v i s c o s i t y  
a t  the depth of the  s inker ,  then the shape of the  curve P,(x) is  changed 
somewhat. 
v i s c o s i t y  case,  bu t  i f  we used the form of P,(x) corresponding t o  say an 
upper layer  with a v i s c o s i t y  t en  t i m e s  t h a t  below and the  upper l aye r  having 
a th ickness  one ha l f  of D, then the depth of the  s inker  f o r  which the  gf(x) 
curve bes t  f i t s  t he  "trench o n l y " w i l 1  be deeper than 80 km. 
of f i g u r e  11 shows g (x) ca lcu la ted  f o r  a mass of t$ = 1.7 x f 
a depth of D = 80 km f o r  t w o  choices of t he  shape of Pz(x) .  
f o r  a th i ck  l aye r  on top  having a v i s c o s i t y  t e n  times t h a t  b e l o w  
We have used the  expression f o r  P,(x) r e s u l t i n g  from the  uniform 
The top  p a r t  
gm/cm a t  
Case (a) i s  
(R = 1/10, 
d/D = 1/2) and case  (b) i s  f o r  the simple uniform v i s c o s i t y  (R = 1). I n  the  
lower p a r t  of t h i s  f i gu re ,  case (b) i s  the  s a m e  as above (a mass a t  80 km 
and the  simple formula) and i n  case (c )  t he  depth and mass of the  layered 
model (R = 1/10, d/D = 1/2) have been ad jus ted  t o  c l o s e l y  match t h i s  simple 
curve.  
depth which is 25 yo grea te r  than t h e  o r i g i n a l  80 km, o r  100 km. 
w e  could have chosen R = 1/100 or 1/1000 with  very  l i t t l e  a d d i t i o n a l  changes 
i n  the  shape of P,(x). 
approaching a l i m i t  ( see  f i g u r e  6 ) .  
parameters i n t o  the  model, but  the e f f e c t  of these  changes i s  ve ry  s l i g h t .  
We would p red ic t  e s s e n t i a l l y  the  same mass beneath t h e  sur face  wi th  almost 
any v a r i a t i o n  of R and d/D, and we would have a range of depths  D varying 
about 307, depending on the  choice of R and d/D. 
This new f i t  g ives  a mass which is  87 yo of the  o r i g i n a l  mass and a 
Notice that 
Further ,  t he  e f f e c t s  of t he  r a t i o  d/D seem t o  be 
We have introduced an  a d d i t i o n a l  set of 
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Figure.11. 
the simple viscous model and with the two layer model with R = .1 
and d/D = .5. 
(a) Simple viscous model, D = 80 km, M = 1.7 x 1013 gm/cm 
(b) Two layer model, D = 80 km, M = 1.7 x 1013 gm/cm 
(c) Two layer model, D = 100 km, M = 1.5 x 1013 gm/cm 
A comparison of the free air anomaly calculated with 
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We s h a l l  accept  the  r e s u l t s  of t he  modified simple v iscous  model and 
suppose the re  i s  a c y l i n d r i c a l  mass of 1.5 x 1013 gm/cm located 100 km 
beneath the  ho r i zon ta l  d i s t ance  +170 km. I f  t h i s  i s  so then the  Moho M 
as shown i n  f i g u r e  7 i s  incor rec t  and w e  must f i n d  the  new bottom p r o f i l e  
MI. 
Worzel, and Landisman (1959) was used. Only two changes were made i n  the  
s t r u c t u r e  shown i n  f i g u r e  7: a mass w a s  added a t  100 km and the  bottom 
sur face  of t he  3.0 gm/cm3 layer  w a s  ad jus t ed  so t h a t  the  g rav i ty  anomaly of 
t he  d i f f e rence  between M and M I  canceled the  a t t r a c t i o n  of t he  deep mass. 
It w a s  required t h a t  t he  curve M' have a depth of 11 km a t  +320 km. 
t h e  cons tan t  o f f s e t  introduced by r equ i r ing  the  curve t o  pass  through a 
given poin t ,  t he  r e s i d u a l s  of the f i n a l  f i t  were less than 2 mgal. The 
r e s u l t i n g  bottom curve M' i s  shown i n  f i g u r e  12(a) .  The o r i g i n a l  curve M 
A two-dimensional g rav i ty  anomaly program as descr ibed by Talwani, 
Excepting 
i s  a l s o  shown f o r  re ference .  
There i s  cons iderable  discrepancy between M I  and t h e  seismic depths  
beneath the  Venezuelan Basin and the  fol lowing changes were made i n  the  
assumed upper s t r u c t u r e  i n  order  t o  b r i n g  the  g r a v i t a t i o n a l l y  ca l cu la t ed  
Moho and the  seismic Moho more i n  l i n e .  There i s  some freedom i n  t h e  loca t ion  
of the  layer  i n t e r f a c e s  beneath t h e  Venezuelan Basin and each of these  was 
moved upward approximately .5 km. The narrow f i n g e r  of mantle reaching  up 
a t  +lo0 km i s  probably not  rea l  but  r a t h e r  r e f l e c t s  an  e r r o r  i n  the  th i ck -  
nes s  of t h e  upper l aye r s .  The 3.8-5.5 km/sec boundary w a s  ad jus ted  between 
+120 km and +60 km i n  a manner to  remove the  need f o r  t h i s  narrow f i n g e r  of 
mantle.  The Moho w a s  reca lcu la ted  a f t e r  these  changes i n  the  upper l aye r s  
a t  +lo0 km and between -100 km and -200 km were made. 
w a s  c a l l e d  M" -- it  i s  shown in f i g u r e  12(b).  
The new bottom p r o f i l e  
The Moho under the  Venezuelan Basin i s  s t i l l  t oo  shallow. We may 
f u r t h e r  lower the  p r o f i l e  M" here i f  w e  remove a s i m p l i f i c a t i o n  made by 
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cylindrical mass of 1.5 x 1013 gm/cm at lOQ km depth 
beneath horizontal distance +170 km. (a) The upper 
structure is the same as shown in figure 7. (b) The 
upper structure has been changed near +lo0 km and 
between -100 and -200 km. 
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Talwani, Su t ton ,  and Worzel. These au tho r s  assumed there  w e r e  on ly  f i v e  
d i f f e r e n t  l aye r s  having v e l o c i t i e s  8 . 2 ,  7 .0 ,  5.5,  3.8,  and 2 .1  km/sec and 
3 d e n s i t i e s  3 . 4 ,  3.0, 2.7, 2 . 4 ,  and 2 . 0  gm/cm r e s p e c t i v e l y .  Tliese v e l o c i t i e s  
a r e  not t h e  v e l o c i t i e s  observed beneath the  Venezuelan Basin.  Cross-sec t ions  
summarizing the  seismic r e s u l t s  given i n  Of f i ce r  e t  a 1  (1959) (c ross -sec t ions  
1 and 3 )  show a d i f f e rence  between t h e  Caribbean and A t l a n t i c  s i d e  of t h e  
Puer to  Rico Trench. V e l o c i t i e s  of 8 .1 ,  7 . 2 ,  and 6 . 3  km/sec a r e  more t y p i c a l  
of t h i s  reg ion  than 8 . 2 ,  7 .0 ,  and 5.5 km!sec. 
ve loc i ty -dens i ty  curve given i n  f igu re  2 of Talwani, Sut ton ,  and Worzel 
(1959), t hese  v e l o c i t y  d i f f e rences  :orrespond t o  d e n s i t y  d i f f e r e n c e s  of - . 0 3 ,  
+.07, and +.17 gm/cm i n  t h e  mantle, high v e l o c i t y  basement ("7.0") and 
l o w  v e l o c i t y  basement ("5.5"). If Talwani, Sut ton,  and Worzel had used these  
g r e a t e r  d e n s i t i e s  f o r  the  "5.5" and "7 .@I'  l ayers ,  t h e  Moho M would have been 
placed 2 k i lometers  deeper than shown i n  f i g u r e  7 .  The e x t r a  dens i ty  i n  
these  l aye r s  would have been compensated f o r  by having a t h i c k e r  c r u s t .  
Thus i f  w e  make t h i s  c o r r e c t i o n  t o  M (add 2 k i lometers )  and hence t o  MI 
and M", t h e  r e s u l t i n g  g rav i ty  curve f o r  the  Moho w i l l  pass  through the 
po in t s  determined se i smica l ly .  I f  th? dens i ty  beneath the  Moho i n  the  
Venezuelan Basin were decreased a s  i nd ica t ed  by  the 8 .1  km/sec v e l o c i t y ,  
t he  amount of downward displacement of t he  Moho a s  descr ibed  above would be 
lessened .  If t h i s  l i g h t e r  mantle were L O  km th i ck ,  t h i s  c o r r e c t i o n  would be 
reduced from 2 km t o  1 113 km. 
From the  Nafe and Drake 
3 
We now look a t  t h e  c e n t r a l  po r t ion  of t h e  f i g u r e ;  the  seismic depth 
t o  the Moho a s  determined by l i n e s  12, 46, and 20. Seismic p r o f i l e  20, 
1956 c r u i s e ,  as  given i n  Of f i ce r  e t  a l ,  1959, p l aces  an  i n t e r f a c e  between 
t h e  5 .5  km/sec layer  and a 6 . 8  km/sec l ayer  a t  18 km and an  i n t e r f a c e  
between the  6 . 8  km/sec layer  and a 8 . 4  km/sec layer  a t  22 km. The 6.8 
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km/sec l aye r  w a s  "masked"; t h a t  i s  a s t r a i g h t  l i n e  r ep resen t ing  t h i s  layer  
w a s  not observed i n  the  t r a v e l  time diagram bu t  such a l aye r  could be p re sen t .  
There i s  s c a t t e r  i n  the  t r a v e l  time diagram and the 8 . 4  km/sec v e l o c i t y  
depends c r i t i c a l l y  upon which da ta  po in t s  t he  s t r a i g h t  l i n e  is drawn through. 
Another l i n e  may be drawn through to  f i t  t hese  po in t s  which g ives  a 7.2 
km/sec v e l o c i t y .  
i t i o n  from 5.5 km/sec t o  7 . 1  km/sec a t  a depth of 18 km w i t h  the Moho 
unobserved. This  seismic p r o f i l e  has more sca t te r  i n  the  observa t ions  de-  
termining t h e  deepest  l ayer  than most of t h e  o the r  p r o f i l e s  and it cannot 
be used as s t rong  evidence aga ins t  having the  Moho deeper than 22 km. 
Thus p r o f i l e  20 could be r e i n t e r p r e t e d  t o  give a t r a n s -  
P r o f i l e s  12 and 46 are presumably accu ra t e  measurements of t h e  Moho. 
The depth t o  the  Moho predic ted  by the  v iscous  model ( f i g u r e  12) i s  i n  
disagreement wi th  these  po in t s .  This c o n t r a d i c t i o n  cannot be removed un le s s  
ho r i zon ta l  g rad ien t s  i n  the v i s c o s i t y  a r e  introduced.  I f  w e  remove t h e  
symmetry of t he  problem -- t h a t  is  l e t  t he  deep mass be  f u r t h e r  t o  the  
south,  say a t  +140 km, and the  v e r t i c a l  load near the  su r face  s t i l l  be  
centered  about +170 km -- then the Moho so determined could pass through the  
po in t s  given by p r o f i l e s  12 and 46 wi th  l i t t l e  change i n  t h e  res t  of t h e  
p i c t u r e  . 
To summarize, we may dynamically account f o r  t he  ex i s t ence  of t h e  
Puerto Rico Trench by supposing the re  i s  a c y l i n d r i c a l  s inker  approximately 
80 o r  100 km beneath t h e  t rench .  We have seen t h a t  t he  v a r i a t i o n  of v i s c o s i t y  
wi th  depth i s  unimportant, e spec ia l ly  i f  t he  v i s c o s i t y  inc reases  towards the  
su r face .  I f  w e  c a l c u l a t e  t he  magnitude of t h e  s t r e s s e s  involved from formula 
(35), w e  f i n d  t h a t  t he  shear s t r e s s e s  have a maximum of roughly 500 b a r s  and 
t h a t  w e  have stresses g r e a t e r  than 10% of t h i s  over s e v e r a l  hundred 
k i lometers .  These l a rge  s t r e s s e s  should exceed any b r i t t l e  s t r e n g t h  of t he  
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13 ma te r i a l  and viscous type flow r e s u l t .  If t h e  d r i v i n g  mass i s  1.7 x 10 
gm/cm and is d i s t r i b u t e d  i n  a cy l inder  with a r ad ius  of  40 km, then t h i s  
cy l inde r  must have a d e n s i t y  of  . 3  gm/cm3 o r  10% 
surrounding dens i ty .  I f  a dr iv ing  mass of 1.5 x gm/cm i s  d i s t r i b u t e d  
i n  a cy l inde r  with a r ad ius  of 50 km, then the  average d e n s i t y  excess i s  
5 yd g r e a t e r  than the surrounding ma te r i a l .  There i s  probably not  a sharp  
t r a n s i t i o n  between c r u s t a l  mater ia l  of dens i ty  3.0 gm/cm 
of dens i ty  3.4 gm/cm , but i f  there  is the  Moho would have a shape roughly 
a s  shown i n  f i g u r e  12(b). The upward bend i n  M" near  +lo0 km probably 
g r e a t e r  than the  
3 and mantle m a t e r i a l  
3 
r e s u l t s  from an e r r o r  s t i l l  remaining i n  the assumed s t r u c t u r e  of the  upper 
c r u s t ;  t he  discrepancy between M" and the  seismic measurements beneath the  
Venezuelan Basin can be accounted f o r  by changing t h e  d e n s i t y  of the  upper 
layers .  
We now tu rn  t o  the  Mid-Atlantic Ridge. Figures  13, 14, and 15 show a 
map of t he  reg ion  considered, grav i ty  anomalies and the  c r u s t a l  s t r u c t u r e  
o f  t h e  r idge ,  and some proposed c r u s t a l  models. These t h r e e  f igu res  a r e  
from Talwani, Le Pichon, and Ewing (1965). I n  Puerto Rico the  seismic 
c r u s t a l  da t a  w a s  lacking i n  the c r i t i c a l  r eg ion  from +lo0 km t o  +200 km 
and only f r e e  a i r  g rav i ty  anomalies were used t o  loca t e  the  s i z e  and depth 
o f  the  s inker .  I n  the  Mid-Atlantic t h e r e  i s  s u f f i c i e n t  c r u s t a l  s t r u c t u r e  
information s o  t h a t  t he  v e r t i c a l  load and s u b c r u s t a l  anomaly may be used 
as  we l l  a s  the  f r e e  a i r  anomaly. The depth t o  the  Moho i s  lacking wi th in  
& 300 km of the  cen te r  of  t he  r idge ,  bu t  c r u s t a l  da t a  i n  the  300 t o  1000 
k m  range w i l l  be use fu l .  
The top p a r t  of f i gu re  16 shows the  Bouger anomaly and the  s u b c r u s t a l  
anomaly. 
through t h e  Bouger curve shown i n  f i g u r e  14 and record ing  the  va lue  s o  found 
The Bouger anomaly shown was obtained by drawing a smooth curve 
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Pig. I. Irnr~f inn of srismic rrfrsction rncusiircmc-nts on north niicI-ht,lantic ritlgc bctwccn 
l:tlit~~i~lcs 20"N nnd 50'". Tlic trnck of Venw criiisc 17 during whirh continuous grnvity mcns- 
iircnic.nts wcrc mndc is nlso shown. 
F i g u r e  13. (From Talwani ,  Le Pichon ,  and  Ewing; 1 9 6 5 )  
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Fig. 5. Three possiblc crustal iilodcls arrow tLe north mid-Atlantic ridge which =tidy 
gravity anomalics nnd arc in accord with sciarnic refraction data. I n  d l  thrcc modcls thc 
anomalous mnntlc found scisrnically rindcr the crest of thc ritlgc is assumed to  iindcrlic tllc 
iiornml mnntlc under thc flanks of the ridge. In  cwsc I the nnomnlous mantlc is nswmcd t o  
IKLVC R uniform donsity; in case I1 its density is assumctl t o  increase downwnrd, nnd in cxw 
111 thr  matcrial constituting thc nnomaloris mantlc is assiimcd to be lightcr n m r  thc axis c t  
the ridge. 
Figure 15. (From Talwani, Le Pichon, and Ewing; 1965) 
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every 100 km. A cons tan t  was subt rac ted  t o  make the  curve zero a t  +1200 km. 
The subc rus t a l  curve was found by adding a c o r r e c t i o n  t o  t h e  Bouger curve 
which depends on the th ickness  of t he  c r u s t a l  l aye r s  below. The depths  t o  
the  i n t e r f a c e s  were taken every 100 km from f i g u r e  14 and d e n s i t i e s  of 2.6, 
2.9, 3.4, and 3.15 gm/cm3 were assigned t o  t h e  l aye r s  ( t h e  same d e n s i t i e s  
a s  shown i n  f igu re  15). It was assumed t h a t  the  anomalous 3.15 gm/cm 
l aye r  ended a t  11.5 km for  . t h e  purpose of t h i s  ca l cu la t ion .  I f  t h i s  3.15 
layer  extended deeper than 11.5 km i n  the range -400 km t o  +300 km, the  
curve g would be f l a t t e r  i n  t h e  c e n t e r  o r  even bend up the  oppos i te  way. 
That is, i f  t h e r e  i s  more l i g h t  ma te r i a l  near t he  sur face ,  t he  subc rus t a l  
anomaly curve g would be l e s s  nega t ive  showing t h a t  less l i g h t  mater ia l  
i s  needed down deep. 
3 
S 
S 
I n  the  models proposed by Talwani, Le Pichon and Ewing ( f i g u r e  15), i t  
is  assumed t h a t  t he  c r u s t a l  s t r u c t u r e  is as shown i n  f i g u r e  14 and t h a t  a l l  
d i f f e rences  between t h e  observed g r a v i t y  and the  g r a v i t y  anomaly computed 
us ing  t h i s  c r u s t a l  s t r u c t u r e  a r e  caused by masses below. They have been 
forced t o  p lace  these  subcrus ta l  masses a t  about 20 km depth because they 
r e q u i r e  t h e  subc rus t a l  mass t o  account fo r  of t he  r e s i d u a l  anomaly. I n  
p a r t i c u l a r ,  a t  -650 km they have a sharp change i n  the  th ickness  of t h e i r  
s u b c r u s t a l  l ayer  which i s  t o  account f o r  t he  sharp change i n  the  Bouger 
anomaly (or  g ) a t  -650 km. 
14 we see t h a t  t h i s  change i n  gg is  caused by t h e  seamounts a t  -650 km. 
The depth  t o  the  Moho shown here was determined by seismic p r o f i l e s  A 1 8 0 - 1  
and A180-2 and we s ee  from the  map i n  f igu re  13 t h a t  t h e s e  depths  were 
measured more than 500 km t o  the northeast , ,  There i s  probably a roo t  under 
t h i s  seamount and although % (water-basement) does have a sharp  change a t  
I f  w e  look a t  t h e  s t r u c t u r e  shown i n  f i g u r e  
S 
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-650 km, gs ( a l l  c r u s t  including root) should not have t h i s  sudden change. 
It w i l l  be assumed from here  on that  the  depar tures  of g i n  the  range from 
-700 km t o  -400 km a r e  caused by e r r o r s  i n  the  assumed c r u s t a l  s t r u c t u r e .  
We assume t h a t  i f  the  root  under the seamount were in se r t ed  and o the r  changes 
made between -600 km and -400 km, then the  r e s u l t i n g  gs curve would be 
s p e t r i c  about the  cen te r .  
S 
I f  we allow the  p o s s i b i l i t y  of changes i n  the  p r o f i l e s  of the  c r u s t a l  
s t r u c t u r e ,  then the  subc rus t a l  mass def ic iency  need not be around 20 km 
down. For example, a l l  of the  mass def ic iency  may be concentrated i n  a 
l i n e  source 400 km deep. Figure 16(b) shows g and the  g r a v i t y  due t o  a 
source a t  400 km; f igu re  16(c) shows the  d i f f e rence  between these  two curves.  
I f  we examine only the  r i g h t  hand s i d e  of f i g u r e  16(c), we s ee  t h a t  a s i n g l e  
mass a t  400 km could wel l  account f o r  most of the  mass de f i c i ency  beneath the  
r idge.  The approximately 20 mgal f l u c t u a t i o n s  i n  the  "g - 400" curve could 
be accounted fo r  by i r r e g u l a r i t i e s  i n  the  p r o f i l e  of the  Moho. With the  
dens i ty  c o n t r a s t  of 2.9 - 3.4 gmjcm , a change i n  the  depth of t he  Moho 
alone of 1 km would r e s u l t  i n  a 20.9 mgal change i n  the  g r a v i t y  anomaly. I f  
S 
S 
3 
. 
both the  Moho and the  2.6 - 2.9 gm/cm' i n t e r f a c e  changed by 1 km, the  g r a v i t y  
anomaly would change by 33.5 mgal. The p o s s i b i l i t y  of bottom f l u c t u a t i o n s  of 
t h i s  magnitude cannot be discounted, a t  l e a s t  not  u n t i l  many more seismic 
measurements have been made on t h e  ocean f loo r .  Thus the  l i g h t  mass required 
t o  c o u n t e r b a l a n c e  the  g r a v i t a t i o n a l  a t t r a c t i o n  of the  r idge  i t s e l f  may be 
a t  almost any depth.  The d i s t r i b u t i o n  a t  about 20 km shown i n  f i g u r e  15 and 
the  s i n g l e  l i n e  source a t  400 km a r e  extreme cases :  t he  l i g h t e r  mass i s  
more l i k e l y  t o  be somewhere i n  between. 
From the  subc rus t a l  anomaly we know the re  i s  l i g h t e r  than average 
m a t e r i a l  beneath t h e  r idge ,  but from t h i s  anomaly alone we cannot spec i fy  
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(c) The difference between the curves shown in (b). 
Gravity anomalies over the Mid-Atlantic Ridge. 
The Bouger anomaly and the subcrustal anomaly as 
described in the text. 
The subcrustal anomaly and the anomaly computed by assuming 
a line source 400 km beneath the center of the ridge. 
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the  dens i ty  p a t t e r n  with depth. However i f  w e  t r u s t  t he  viscous model, we 
may f ind  the  mass def ic iency  below which w i l l  maintain t h e  r idge  i n  i t s  
e leva ted  s t a t e .  Figure 17 shows the  subc rus t a l  anomaly and the  v e r t i c a l  
load and f r e e  a i r  anomaly computed with t h e  simple viscous model fo r  each 
of the  dens i ty  d i s t r i b u t i o n s  shown i n  f igu re  18. I n  (a) w e  have the e f f e c t s  
of a c y l i n d r i c a l  source 400 km beneath the  cen te r  of  t he  r idge .  
have taken t h a t  mass d i s t r i b u t i o n  a t  200 km f o r  which the  gs w i l l  exac t ly  
match the  g 
( b ) ;  t he  F and g a r e  d i f f e r e n t .  I n  (c ) ,  w e  have chosen a mass d i s t r i b u -  
t i o n  a t  100 km which c lose ly  f i t s  t he  observed g (or  r a t h e r  t h e  r i g h t  hand 
s i d e  of g s ince  we a r e  ignoring the  l e f t  hand s ide ) .  The computed va lues  
of  gf a r e  too la rge  i n  t h i s  model and there  i s  cons iderable  unknown i n  g 
s ince  w e  do not  know the  depth of t he  3.15 gm/cm3 layer  i n  the cen te r  of  
t h e  r idge;  and so i n  (d) w e  have chosen a mass p a t t e r n  a t  100 km depth which 
b e t t e r  f i t s  g i n  the  cen te r  of t h e  r idge  and is t h e  same as  before  f o r  t h e  
outer  f lanks.  I n  ( e ) ,  we have the  same mass d i s t r i b u t i o n  except i t  has been 
r a i s e d  from 100 km t o  80 km. Notice how t h i s  reduces the  f r e e  a i r  anomaly 
by about 20 % .  
I n  (b) we 
of a c y l i n d r i c a l  mass a t  400 km. The gs i s  the  same i n  (a)  and 
S 
z f 
S 
S 
S 
f 
The r i g h t  hand s i d e  of these symmetric mass d i s t r i b u t i o n s  a r e  shown i n  
3 
f i g u r e  18. I n  p a r t s  (b) through (e ) ,  t he  dens i ty  def ic iency  is  .03 p / c m  
or 1% less than the  average dens i ty  a t  t h i s  depth.  
ca l cu la t ions ,  i t  was assumed tha t  a l l  of the  mass was concentrated a t  200, 
100, o r  80 km. The thickness  of t he  l i g h t  layer  was drawn i n  a f t e r  choosing 
a dens i ty  d i f f e rence  between the l i g h t e r  layer  and i t s  surroundings.  The 
va lues  of F and g shown i n  f igure  17 were ca l cu la t ed  with the  s i m p l e  
viscous model. I f  t he  modified viscous model had been used, p a r t i a l l y  
For t h e  purpose of t h e  
2 f 
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taking i n t o  account t h e  increase of v i s c o s i t y  towards the  sur face ,  the  
masses would have been s l i g h t l y  smaller and about 207’’ deeper. 
I n  conclusion, the  mass inhomogeneities which d r i v e  the  Mid-Atlantic 
Ridge a r e  a t  about the  same depth a s  those which d r i v e  the  Puerto Rico 
Trench -- 100 km. The dens i ty  def ic iency of t h i s  d r i v e r  is about 1% 
beneath the r idge ;  t h i s  could a r i s e  from a temperature d i f f e rence  i f  the 
mantle beneath the  r idge  were about 300°C warmer than average a t  t h i s  
depth. This c o n t r a s t s  t o  the Puerto Rico Trench where the  dens i ty  excess 
of the  d r i v e r  was 5% or  more -- a magnitude which could a r i s e  only from 
a phase change o r  chemical d i f f e r e n t i a t i o n .  The ho r i zon ta l  motion of t he  
sur face  of the r idge  cannot be predicted s ince  ho r i zon ta l  f ea tu re s  depend 
c r i t i c a l l y  upon the  assumed v e r t i c a l  l ayer ing  of v i scos i ty ,  bu t  the  shape 
of t he  r idge  and the magnitude of t h e  f r e e  a i r  anomaly can be predic ted  by 
the  viscous model i n  a manner independent of d e t a i l e d  assumptions of the  
v i s c o s i t y  pa t t e rn .  
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Figure 1 7 .  The observed values of the  subc rus t a l  anomaly gs, the 
v e r t i c a l  load FZ, and the ne t  f ree  a i r  anomaly g f ,  of  the Mid-Atlantic 
Ridge and t h e o r e t i c a l  values computed from a model. 
(a) I n  t h i s  model a l l  of the mass def ic iency  was concentrated i n  a 
l i n e  source a t  a depth of 400 km. See f i g u r e  18(a).  
(b) The mass def ic iency  was d i s t r i b u t e d  a t  a depth of  200 km i n  a 
manner t o  exac t ly  match the g of t he  l i n e  source a t  400 km. 
See f igure  18(b) .  6 
(c) The mass def ic iency  was d i s t r i b u t e d  a t  a depth of 100 km i n  a 
manner t o  c l o s e l y  match the observed g po in t s .  See f igu re  
18(c) . S 
I .  
(d) The mass def ic iency  was d i s t r i b u t e d  a t  a depth of 100 km. The 
amount of mass i s  l e s s  i n  the c e n t r a l  por t ion  i n  order  t o  more 
c lose ly  f i t  the observed g r a t h e r  than the  more specula t ive  f See f igure  18(d). gs 
(e) The same a s  above, except a t  80 km. See f igu re  18(e). 
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Figure 18. The two-dimensional mass distributions which 
produce the effects shown in figure 17. The mass deficiency 
of the cylinder in (a) is 6.9 x 1013 gm/cm. The density 
deficiency within the shaded areas of the last four models 
is - 0 3  am/cm3 or 1% less than the surroundina material. 
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